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Abstract. Bayesian networks serve as the basis for developing proba-
bilistic expert systems and have been applied widely in artificial intel-
ligence. Previous research has argued that Bayesian networks and re-
lational databases are different by showing that the logical implication
of conditional independence (CI) and embedded multivalued dependency

(EMVD) do not always coincide. In this paper, we show that this theo-
retical difference has no practical impact when designing probabilistic ex-
pert systems. Therefore, this work adds to the mounting evidence clearly
indicating that the implementation of probabilistic expert systems can
take advantage of conventional relational database management systems.

1 Introduction

Bayesian networks [3,9,10,12,19,20,26] are an established framework for uncer-
tainty management in artificial intelligence. For instance, they have been applied
in building intelligent agents, such as Office Assistant, and adaptive user inter-
faces by Microsoft [5,7,13], process control by NASA [6,8] and Lockheed [14],
software diagnosis by Hewlett Packard [2,16] and Nokia [11], and medical di-
agnosis such as the Heart Disease Program at the Massachusetts Institute of
Technology [15] and the Pathfinder Project for lymph-node diseases at Stanford
University [4]. A Bayesian network consists of a directed acyclic graph (DAG)
and a corresponding set of conditional probability tables (CPTs). By the proba-

bilistic conditional independencies (CIs) [24] encoded in the DAG, the product of
the CPTs is a joint probability distribution. Thereby, Bayesian networks provide
a clear semantic modelling tool, which facilitate the acquisition of probabilistic
knowledge.

Before Bayesian networks were proposed, the relational database model [1,18]
already established itself as the basis for designing and implementing database



systems. Data dependencies 1, such as embedded multivalued dependency (EMVD),
(nonembedded) multivalued dependency (MVD) and join dependency (JD), are
used to provide an economical representation of a universal relation. As in the
study of Bayesian networks, two of the most important results are the ability
to specify a universal relation as a lossless join of several smaller relations, and
the development of efficient methods to only access the relevant portions of the
database in query processing.

Studeny [22] has argued that Bayesian networks and relational databases are
different by showing that the logical implication of CI does not always coin-
cide with that of EMVD. In [24], we responded by pointing out that Studeny’s
counter-example is based on classes of dependencies without a complete axiom-
atization. In the design of probabilistic expert systems and relational databases,
usually only classes of dependencies with complete axiomatizations are consid-
ered. Thus, we concluded in [24] that Studeny’s point was moot. However, one
may still believe that there still exists a practical difference, if one considers
situations like those given in [22].

In this paper, our objective is to show that there is no practical consequence
even if one considers the theoretical difference given in [22]. We establish this
result by formalizing the transformation between traditional relations and proba-
bilistic relations with the notion of obtainable. Moreover, Lee [17] has proven that
EMVD is a necessary condition for CI. We use these two concepts to show that
the only probabilistic relations, considered in practice when designing a prob-
abilistic expert system, must necessarily be obtained from traditional relations
agreeing with the logical implication of CI. Hence, this work is yet another ex-
ample [23–25] emphasizing the intrinsic relationship between Bayesian networks
and relational databases.

This paper is organized as follows. Section 2 reviews background knowledge.
Relationships between traditonal and probabilistic relations, as well as EMVD
and CI, are discussed in Section 3. In Section 4, we establish our main result,
namely, the theoretical difference in [22] has no consequence in practice. Con-
clusions are made in Section 5.

2 Background Knowledge

In this section, we review EMVD, CI, and the logical implication of CI and
EMVD.

2.1 Embedded Multivalued Dependency

Here we give a quick introduction to EMVD, subclasses of which play an impor-
tant role in relational database schema design [1,18].

1 Constraints are traditionally called dependencies in relational databases, but are
referred to as independencies in Bayesian networks. Henceforth, we will use the terms
dependency and independency interchangeably.



A relation scheme R = {A1, A2, . . . , Am} is a finite set of attributes (attribute
names). Corresponding to each attribute Ai is a nonempty finite set dom(Ai),
1 ≤ i ≤ m, called the domain of Ai. Let D = dom(A1)∪dom(A2) . . .∪dom(Am).
A relation r on the relation scheme R, written r(R), is a finite set of mappings
{t1, t2, . . . , ts} from R to D with the restriction that for each mapping t ∈ r,
t(Ai) must be in dom(Ai), 1 ≤ i ≤ m, where t(Ai) denotes the value obtained
by restricting the mapping to Ai. The mappings are called tuples and t(A) is
called the A-value of t. We use t(X) in the obvious way and call it the X-value
of the tuple t, where X ⊆ R is an arbitrary set of attributes.

Example 1. Consider four binary attributes A, B, C and D. One traditonal re-
lation r(ABCD) is shown on the left of Fig. 1.

A B C D
r(ABCD) = 0 0 0 0

0 0 0 1
0 0 1 1
1 0 0 0
1 0 1 0
1 1 1 1

A B C A B B C
πABC(r) = 0 0 0 = 0 0 ./ 0 0

0 0 1 1 0 0 1
1 0 0 1 1 1 1
1 0 1
1 1 1

Fig. 1. The traditional relation r(ABCD) satisfies the EMVD B →→ A|C, since
πABC(r) = πAB(r) ./ πBC(r).

Let r be a relation on R and X a subset of R. The projection of r onto X ,
written πX(r), is defined as:

πX(r) = { t(X) | t ∈ r }. (1)

The natural join of two relations r1(X) and r2(Y ), written r1(X) ./ r2(Y ),
is defined as:

r1(X) ./ r2(Y ) = { t(XY ) | t(X) ∈ r1(X) and t(Y ) ∈ r2(Y ) }. (2)

Let X, Y, Z be disjoint subsets of attributes in R. We say relation r(R) satis-
fies the embedded multivalued dependency (EMVD) X →→ Y |Z, if the projection
πXY Z(r) of r(R) satisfies the condition:

πXY Z(r) = πXY (r) ./ πXZ(r).

Example 2. The traditonal relation r(ABCD) on the left of Fig. 1 satisfies the
EMVD B →→ A|C, since πABC(r) = πAB(r) ./ πBC(r).



2.2 Probabilistic Conditional Independence

Here we briefly review the notion of probabilistic conditional independence, sub-
classes of which play an instrumental role in designing the schema of a probabilis-
tic network [19]. The reader should note that we express probabilistic conditional
independence in terms of our probabilistic database model [23–25] which serves
as a unified approach for both Bayesian networks and relational databases.

Let R = {v1, v2, . . . , vm} be a finite set of variables. Each variable vi has a
finite domain, denoted dom(vi), representing the values that vi can take on. For
a subset X = {vi, . . . , vj} of R, we write dom(X) for the Cartesian product of
the domains of the individual variables in X , namely, dom(X) = dom(vi)× . . .×
dom(vj). Each element x ∈ dom(X) is called a configuration of X .

A joint probability distribution [20] on dom(R) is a function p on dom(R)
such that the following two conditions both hold: (i) 0 ≤ p(t) ≤ 1, for each
configuration t ∈ dom(R), and (ii)

∑
t∈dom(R) p(t) = 1.0. A potential on dom(R)

is a function φ on dom(R) such that the following two conditions both hold: (i)
0 ≤ φ(t), for each configuration t ∈ dom(R), and (ii) φ(t) > 0, for at least one
configuration t ∈ dom(R). For brevity, we refer to φ as a potential on R rather
than dom(R), and we call R, not dom(R), its domain [20].

We now introduce the fundamental notion of probabilistic conditional inde-

pendency (CI) [24]. Let X, Y and Z be disjoint subsets of variables in R. Let x,
y, and z denote arbitrary values of X, Y and Z, respectively. We say Y and Z

are conditionally independent given X under the joint probability distribution
p, denoted Ip(Y, X, Z), if

p(y | x, z) = p(y | x), (3)

whenever p(x, z) > 0. This conditional independency Ip(Y, X, Z) can be equiva-
lently written as

p(y, x, z) =
p(y, x) · p(x, z)

p(x)
. (4)

We write Ip(Y, X, Z) as I(Y, X, Z) if the joint probability distribution p is un-
derstood.

The above notions of probability tables and probabilistic conditional inde-
pendence can be conveniently expressed in our probabilistic relational database
model. For our purposes here we simply illustrate the main ideas and refer to
the reader to [23–25] for a more thorough discussion of our model.

A potential φ(R) can be represented as a probabilistic relation r(R, Aφ),
where the column labeled by Aφ stores the probability value. The relation
r(A1, A2, . . . , Am, Aφ) representing a potential φ(A1, A2, . . . , Am) contains tu-
ples of the form t = < t, φ(t) >. Note that r(A1, A2, . . . , Am, Aφ) only contains
tuples with positive probability. For convenience we will write r(R, Aφ) as r(R)
and say relation r is on R with the attribute Aφ understood by context. That
is, relations denoted by boldface represent probability distributions.



Example 3. One probabilistic relation r(ABCD) is depicted in the top left of
Fig. 2.

A B C D Ap(ABCD)

0 0 0 0 0.1
r(ABCD) = 0 0 0 1 0.1

0 0 1 1 0.2
1 0 0 0 0.1
1 0 1 0 0.1
1 1 1 1 0.4

A B C Ap(ABC)

τABC(r) = 0 0 0 0.2
0 0 1 0.2
1 0 0 0.1
1 0 1 0.1
1 1 1 0.4

A B Ap(AB) B C Ap(BC)

= 0 0 0.4 ⊗ 0 0 0.3
1 0 0.2 0 1 0.3
1 1 0.4 1 1 0.4

A B C A p(AB)p(BC)

p(B)

0 0 0 (0.4)(0.3)/(0.6) = 0.2
= 0 0 1 (0.4)(0.3)/(0.6) = 0.2

1 0 0 (0.2)(0.3)/(0.6) = 0.1
1 0 1 (0.2)(0.3)/(0.6) = 0.1
1 1 1 (0.4)(0.4)/(0.4) = 0.4

Fig. 2. The probabilistic relation r(ABCD) satisfies the CI B ⇒⇒ A|C, since
τABC(r) = τAB(r) ⊗ τBC(r).

The projection operator π in relational databases corresponds to the marginal-

ization operator τ in probabilistic databases. Whereas π ignores duplicate tuples,
τ adds them.

Example 4. Given the probabilistic relation r(ABCD) in the top left of Fig. 2,
the marginalization τABC(r) of r(ABCD) onto variables ABC is shown in the
top right of Fig. 2.

Probabilistic conditional independency is now defined in our probabilistic
database model. A probabilistic relation r(XY ZW ) satisfies the CI X ⇒⇒ Y |Z,
if

τXY Z(r) = τXY (r) ⊗ τXZ(r), (5)

where the operator ⊗ corresponds to the right side of Equation (4).

Example 5. The probabilistic relation r(ABCD) on the top left of Fig. 2 satisfies
the CI B ⇒⇒ A|C, since the marginal τABC(r) can be written as τABC(r) =
τAB(r) ⊗ τBC(r).

2.3 Logical Implication of CI and EMVD

Before we study the implication problem in detail, let us first introduce some
basic notions. Here we will use the terms relation and joint probability distribution

interchangeably.



Let
∑

be a set of dependencies defined on a set of attributes R. By SATR(
∑

),
we denote the set of all relations on R that satisfy all of the dependencies in∑

. We write SATR(
∑

) as SAT (
∑

) when R is understood, and SAT (σ) for
SAT ({σ}), where σ is a single dependency. We say

∑
logically implies σ, written∑

|= σ, if SAT (
∑

) ⊆ SAT (σ). In other words, σ is logically implied by
∑

,
if every relation which satisfies

∑
also satisfies σ. That is, there is no counter-

example relation such that all of the dependencies in
∑

are satisfied but σ is
not.

The implication problem is to test whether a given set
∑

of dependencies
logically implies another dependency σ, namely,

∑
|= σ. (6)

Since we advocate that our probabilistic database model is a generalization

of the relational database model, an immediate question to answer is:

Do the implication problems coincide in these two database models?

That is, we would like to know whether the following proposition holds:

C |= c ⇐⇒ C |= c, (7)

given sets C and c of CIs and corresponding sets C and c of EMVDs.
Studeny [22] argued that the Bayesian network community could not take

advantage of work in the relational database community by showing that Equa-
tion (7) does not always hold. In particular, he presented the following example
violating Equation (7).

Example 6. Consider the following sets C and c of CIs, and corresponding sets
C and c of EMVDs:

C = {A3A4 ⇒⇒ A1|A2, A1 ⇒⇒ A3|A4, A2 ⇒⇒ A3|A4, ∅ ⇒⇒ A1|A2},

C = {A3A4 →→ A1|A2, A1 →→ A3|A4, A2 →→ A3|A4, ∅ →→ A1|A2},

c = ∅ ⇒⇒ A3|A4,

c = ∅ →→ A3|A4.

Then

C |= c, (8)

yet

C 6|= c, (9)

Studeny proved Equation (8) in [21]. To show Equation (9), Studeny [22]
presented the relation r(A1A2A3A4) in Fig. 3. It can be verified that relation
r(A1A2A3A4) satisfies all the EMVDs in C but does not satisfy the EMVD c.



A1 A2 A3 A4

r(A1A2A3A4) = 0 0 0 0
0 0 0 1
0 1 0 0
1 0 0 0
1 1 0 0
1 1 1 0

Fig. 3. C 6|= c as the traditional relation r satisfies all of the EMVDs in C but does
not satisfy the EMVD c, where C and c are given in Example 6.

In [24], we pointed out that this counter-example should not be considered as
there is no finite complete axiomatization for CI in general. Neveretheless, even if
one decides to design a probabilistic expert system using input sets C like these,
we can still show, in the remainder of this paper, that this theoretical difference
has no bearing on the design of probabilistic expert systems in practice.

3 Obtainable Probabilistic and Traditional Relations

In this section, we first define a method, called obtainable, for transforming
between relations and probabilistic relations. We then recall a known result
discussing a relationship between EMVD and CI.

Given a probabilistic relation r(R), the unique traditional relation r(R) ob-

tainable from r(R) is defined as:

r(R) = πR(r). (10)

Example 7. Given the probabilistic relation r(R) in Fig. 4, the traditional rela-
tion r(R) obtainable from r(R) is shown in Fig. 3.

A1 A2 A3 A4 Ap

r(A1A2A3A4) = 0 0 0 0 0.10
0 0 0 1 0.10
0 1 0 0 0.20
1 0 0 0 0.20
1 1 0 0 0.20
1 1 1 0 0.20

Fig. 4. For Example 6, a probabilistic relation r(R) not satisfying C. The traditional
relation r(R) obtained from r(R) satisfies the corresponding C, but not c, of EMVDs.

Given a traditional relation r(R), a probabilistic relation r(R) is obtainable

from r(R), if the following two conditions hold:



(i) r(R) = πR(r), and
(ii) the probability values of r(R) sum to one.

Example 8. Given the traditional relation r(R) in Fig. 3, one obtainable proba-
bilistic relation r(R) is depicted in Fig. 4. On the contrary, neither of the proba-
bilistic relations in Fig. 5 are obtainable from r(R) in Fig. 3, since condition (i)
is violated in both cases.

A1 A2 A3 A4 Ap A1 A2 A3 A4 Ap

0 0 0 0 0.10 0 0 0 0 0.10
0 0 0 1 0.10 0 0 0 1 0.10
0 1 0 0 0.20 0 1 0 0 0.20
1 0 0 0 0.20 1 0 0 0 0.20
1 1 0 0 0.20 1 1 0 0 0.40
1 1 1 0 0.10
1 1 1 1 0.10

Fig. 5. Neither of these two probabilistic relations are obtainable from the traditional
relation r(R) in Fig. 3.

The next result discusses a relationship between EMVD and CI.

Lemma 9. [17] If a probabilistic relation r(R) satisfies a CI X ⇒⇒ Y |Z, then
the traditional relation r(R) obtainable from r(R) necessarily satisfies the EMVD
X →→ Y |Z.

Lemma 9 indicates that EMVD is a necessary condition for CI.

4 Practical Irrelevance of Diverging Implication

In this section, we emphasize the intrinsic relationship between Bayesian net-
works and relational databases by showing that the theoretical difference of

C |= c

and

C 6|= c

has no practical consequence.
Consider any instance of this theoretical difference. All traditional relations

r(R) on R can be partitioned into two classes:

(1) those agreeing with C |= c,
(2) those disagreeing with C |= c.



The next result shows that r(R) does not satisfy C, for any probabilistic
relation r(R) obtainable from any traditional relation r(R) in class (2).

Theorem 10. Suppose C |= c and C 6|= c for some instantiation of the implica-
tion problem. For any traditional relation r(R) satisfying C but not c, consider
any probabilistic relation r(R) obtainable from r(R). Then r(R) 6∈ SATR(C).

Proof. By contradiction, suppose a probabilistic relation r(R) satisfies all the
CIs in C, where r(R) was obtained from a traditional relation r(R) satisfying C

but not c. Since C |= c, r(R) also satisfies c. By Lemma 9, as r(R) was obtained
from r(R), the traditional relation r(R) satisfies both C and c. A contradiction.
Therefore, all probabilstic relations r(R) satisfying C must be obtainable from
traditional relations r(R) satisfying both C and c.

Theorem 10 is important since it indicates that the only probabilistic rela-
tions r(R) satisfying C must be obtained from those traditional relations r(R)
in class (1), i.e., those r(R) satisfying both C and c.

Example 11. The probabilistic relation r(R) illustrated in Fig. 6 satisfies the
given CIs C in Example 6. In addition, it can be verified that the traditional
relation r(R) obtained from r(R) satisfies the EMVDs C and c in Example 6.

A1 A2 A3 A4 Ap

r(A1A2A3A4) = 0 0 0 0 0.0625
0 0 0 1 0.0625
0 0 1 0 0.0625
0 0 1 1 0.0625
0 1 0 0 0.0625
0 1 0 1 0.0625
0 1 1 0 0.0625
0 1 1 1 0.0625
1 0 0 0 0.0625
1 0 0 1 0.0625
1 0 1 0 0.0625
1 0 1 1 0.0625
1 1 0 0 0.0625
1 1 0 1 0.0625
1 1 1 0 0.0625
1 1 1 1 0.0625

Fig. 6. For Example 6, a probabilistic relation r(R) satisfying C. The traditional rela-
tion r(R) obtained from r(R) satisfies the corresponding C and c of EMVDs.

On the other hand, now consider those probabilistic relations obtainable from
traditional relations in class (2).



Example 12. Recall the tradition relation r(R) in Fig. 3 that satisfies C but not
c. One probabilistic relation r(R), obtainable from r(R), is illustrated in Fig. 4.
It can be verified that r(R) does not satisfy all CIs in C. By definition,

r(R) 6∈ SAT (C). (11)

Thus, the probabilistic relation r(R) in Fig. 4 is not of interest when designing
a probabilistic expert system for the CIs C.

Our goal is to design the schema of a probabilistic expert system for a given
set C of CIs. Studeny [22] has suggested that work on database design is of no
value to the Bayesian network community, since it may be the case that

C |= c, (12)

while for the corresponding EMVDs

C 6|= c. (13)

The key point, as illustrated in Fig. 6, is that whenever a probabilistic relation
satisfies C, the unique obtainable traditional relation r(R) must satisfy the cor-
responding EMVDs C and c. On the contrary, as depicted in Fig. 4, r(R) will
not satisfy C, for any probabilistic relation r(R) obtainable from a traditional
relation r(R) satisfying C but not c. Since r(R) 6∈ SATR(C), it is of no interest
when designing the probabilistic expert system. Our main result, Theorem 10,
ensures that the same result holds for all instances of Equations (12) and (13).

5 Conclusions

In schema design of a probabilistic network on variables R, only probability dis-
tributions r(R) satisfying the given probabilistic conditional independencies C

are of interest, that is, those r(R) ∈ SATR(C). Similarly, in schema design of a
relational database on attributes R, only traditional relations r(R) satisfying the
given EMVDs C are of interest. It has been argued [22] that Bayesian networks
are different from relational databases by showing an instance where C |= c and
C 6|= c, for corresponding sets of CIs and EMVDs. On the contrary, our main re-
sult (Theorem 10) indicates that r(R) 6∈ SATR(C), for any probabilistic relation
obtained from any traditional relational r(R) satisfying C but not c. Therefore,
the fact that C 6|= c has no practical consequence on the design of a probabilistic
network satisfying CIs C. The work here is then yet one more example [23–25]
emphasizing the intrinsic relationship between Bayesian networks and relational
databases.
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