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Abstract In this paper, we present a general method for 2 The Nest Operator
coarsening a set of variables in a probabilistic networkeTh

work here is an extension of our earlier works, which al- Consider the joint distributionp(R) represented as a
ways placed restrictions on the sets to be coarsened. Theprobabilistic relationr(R) in Figure 1, whereR —

soundness of our method is also shown. {A,B,C,D,E,F} = ABCDEF is a set of variables.
VariablesA, B andC' each have domaif0, 1}, while D, £

1 Introduction andF each have domaif0, 1, 2}. Configurations with zero
probability are not shown.

Due to their rigorous mat_hemat@cal foundatiBraa,ygsian A B C D E F pB)

qetworks[4, 7, 3] have gained wide acceptance.m prac- 0 0 0 0 0 0 005

tice for uncertainty management. .In [6], we coined t_he 0O 0 0 0 1 0 005

phrasegranular probgblllstlc reasoning to mean the abil- 0 0 1 0 1 1 020

ity to cc_)arsenand refine parts of a_probablllstlc network 0 1 0 1 0 2 015

depeno!l_ng_on Whether Fhey are of mter_est or not. Gra_nular o 1 0 1 1 2 015

probabilistic reasoning is of the utmost importance as-it fa 1 0 0 2 2 0 040

cilitates the design ofarge BNs [3]. In addition, granular
probabilistic reasoning may lead to more efficient proba-  Figure 1. A probabilistic relation  r(R) repre-
bilistic inference [3]. It is then not surprising that Xiarg senting a joint distribution  p(R).

his recent text [9], explicitly states that granular probsb

tic reasoning [3, 6] demands further attention.

In [6], we proposed two operators calledstandunnest Thenestoperator is used tacoarsera relationr (XY).
for coarsening and refining variables in a network, respec-Intuitively, ¢ 4—y (r) groups together all the Y-values into
tively. We showed in [1] that the nest operator can be ap- a nested distribution for coarse variablegiven the same
plied locally to a marginal distribution with the same ef- X-value. More formally,
fect as if it were applied directly to the joint distributioA
method for coarsening variables spread throughouta proba¢a—y (r) = {t|t(X) =u(X), t(A) = {u(Yp(R))},
bilistic network was presented in [2], albeit with restiocts _
imposed. To the best of our knowledge, no study has ever tp(X4)) = Zu(p(R))’ and u € }.
put forth a method to coarsen variables in a probabilistic
network without imposing any conditions. Attribute p(R) in the A-value is relabeleg(Y) and the val-

In this paper, we present a general method for coarsen-ues are normalized.
ing variables in a probabilistic network. Unlike the ones For example, consider the relatispd BC D EF) in Fig-
suggested in [1, 2], the proposed method here does notimure 1. Nesting the séf = ADE of variables as the single
pose any conditions on the set to be coarsened. This methogariableG is the nested relatiop;_( 4, p,z} (r) in Figure 2.
gathers all variables to be coarsened into one marginal dis+or instance, given the X-value B : 0,C : 0; F : 0 >,
tribution, and then applies the nest operator. In Theorem 1,the Y-values< A : 0,D : 0,E : 0,p(R) : 0.05 >
we show our method is correct. <A:0D:0FE:1,pR):00><A:1,D:

This paper is organized as follows. Section 2 reviews 2, FE : 2, p(R) : 0.40 > are grouped into a nested distribu-
the nest operator. Related works are discussed in Sectioniion. Here the attributg(R) is relabeled ap(ADFE), with
3. In Section 4, we present a general method for nestingthe probability value$.05, 0.05, 0.40 normalized a$).10,
variables. The conclusion is presented in Section 5. 0.10, 0.80.
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Figure 2. Relation ¢g—¢a,p, g} (r), where risin
Figure 1, X = ADFE,and W = BCGF.

3 Earlier Works

In practice, the joint distribution(R) in Figure 1 is fac-
torized usingonditional independenci¢g]. We sayY and
Z areconditionally independergiiven X in the joint distri-
butionp(Y X Z), denoted (Y, X, Z), if
pXY) pYZ)

p(Y)

For example, the joint distributiop( R) in Figure 1 sat-
isfies the conditional independenbe), AB, CEF') as
p(ABD) -p(ABCEF)

p(AB) '
In other words, variable® andC E'F' are conditionally in-
dependent giverd B. Sincep(R) can also be factorized as

p(ACE) - p(ABCDF)
p(AC)

p(YXZ) (1)

p(R) =

p(R) =

and

p(ABCDE) - p(BCF)
p(R) 2(BO) ,
the joint distributionp(R) also satisfies the conditional in-
dependencies(E, AC, BDF) andI(ADE, BC, F).

The conditional independencies satisfied dfy?) can
be graphically represented by acyclic hypergraph8].
For exampleR = {Ry = {A,B,D}, Ry = {A,B,C},
Rs = {A,C,E}, Ry = {B,C,F}} is an acyclic hyper-
graph onR = ABCDEF. Themarginal[7, 8] distribu-
tionsry(ABD), r2(ABC), r3(ACE), andry(BCF) of
r(R) are shown in Figure 3. The joint distributigriR) is
then expressed as

ABD) - p(ABC) - p(ACE) - p(BCF)
P(AB) - p(AC) - p(BC) 7

p(R) = 2

which is an example of Markov networl{4]. In our prob-
abilistic relational model [8], this Markov network is ex-
pressed as

r(R) =
((r1(ABD) ® r2(ABC)) @ r3(ACE)) @ r4(BCF),

where the Markov join operatoy means

p(XY) -p(YZ)
r( XY)r(YZ) = ———F——-.
(XY) ©r(Y2) )
We omit the parentheses for simplicity. For example, the
Markov joinr, (ABD) ® ro(ABC) ® r3(ACE) is shown
in Figure 4. That is,

P(ABD) - p(ABC) - p(ACE)

P(ABCDE) (AB) - p(AC)
A B D w&)| [B ¢ F 3R
0 0 0 0.3 0 0 0 0.5
0 1 1 0.3 0 1 1 0.2
1 0 2 0.4 1 0 2 0.3
A B C pR)]| [A C E p(&)
0 0 0 0.1 0 0 0 0.2
0 0 1 0.2 0 0 1 0.2
0 1 0 0.3 0 1 1 0.2
1 0 0 0.4 1 0 2 0.3

Figure 3. The marginals ri(ABD), ry(ABC),
r3(ACE), and ry(BCF) of relation r.

A B C D E p(ABCDE)
0o 0 0 0 O 0.05
0o 0 0 0 1 0.05
o 0 1 0 1 0.20
0o 1 0 1 0 0.15
o 1 0 1 1 0.15
1 0 0 2 2 0.40
Figure 4. The Markov join ri(ABD) ®

Iro (ABC) Xrs3 (ACE) .

In [1], we gave a method for coarsening a &ebf vari-
ables provided that the following two conditions were sat-
isfied: (i) X appeared together in one table, and (ii) every
variable in X appeared in no other table. This work was
then extended as follows. A method was given in [2] for
coarsening a seX of variables provided that every vari-
able inX appeared in precisely one table. For example, the
set DE could be nested since variahi® only appears in



tabler; (ABD) while E only appears inrs(ACE). On
the contrary, the sedDFE could not be nested as vari-
able A appears in the three tables( ABD) ro(ABC) and

depicted in Figure 5.

Theorem 1Letr(R) =TI (R1)® . .®I‘i(Ri)®I‘j (RJ) L

r3(ACE). In the next section, we present a novel method r,(R,,) be represented as a Markov network, andvie€

to coarsen any subset of variables.

4 General Nesting

R. Thenga—y (r) isthe same ag; (R;) ® ... @ r;(R;) ®
da=v (rjn(Rjn)), Wherer;,(R;,) is the Markov join of
the nodes of the acyclic hypergraph remaining in the selec-
tive reduction ofY" in {Ry, ..., R, }.

Since the nest operator is unary, the first task is to com-Proof: Without loss of generality, suppose the selec-

bine the set” of variables into a single table. Tiselective
reduction algorithm(SRA) [5] in relational databases is ap-

., R, } deletes nodes
, R,. By the condi-

tive reduction on{ Ry, ..., R;, R;, ..

Ri,...,R; and leaves nodeR;, ...

plied for this purpose. The nest operator can then be appliedional independencies holding in the acyclic hypergrap, t

to coarserY” as attributeA.

The input(R, Y") to the SRA algorithm is an acyclic hy-
pergraphiR = {R1, Rs, ..., R, } on the setR of variables
and a subseY” C R of variables to be coarsened. First,
mark every variabled in Y. Second, apply the following
two operations until neither can be applied: (i) deleteian
markedvariable A if A appears in precisely one nodg,
and (ii) delete node®; if it is a subset of another node;,

i # 5.

Markov joinr;(R;) ® ... ® rp(R,) is themarginal dis-
tributionr(R; U ... U R,). Thus, the original factoriza-
tion of r(R) can be rewritten as(R) = r1(R1) ® ... ®
ri(Ri) ® I'(Rj U...u Rn) SinceY C (R] u...u Rn)

andY N Ry = 0,k = 1,...,4, by the main result in [1],
¢A:y(r) = I‘l(Rl) R...Q I‘i(Ri) (24 ¢A:y(r(Rj Uu...u
R,)).

Theorem 1 indicates our methodsisund
For example, nesting the sétD FE of variables as the

For example, suppose we wish to selectively reduce single variableGG using the joint distributionr(R) in Fig-

the acyclic hypergrapi® = {R; = {A,B,D}, Ry
{A,B,C}, Rs = {A,C,E}, Ry = {B,C, F}} to the set
Y = ADE, i.e., compute SRAR, ADE). First, mark the
variablesA, D and E. By operation (i), variableF’ can
be deleted as it only appears B,. Thus, R4 = BC.
By operation (ii), R4 can be deleted as it is contained by
Ry = ABC. No other operations can be applied. Thus,
the output isR = {Ry = {A,B,D},R, = {4, B,C},
Rs ={A,C,E}}.

In general, some variables iR;, R, and R3 may be

deleted. However, for our purposes here, we are only in-

terested in thos&, which are not deleted by operation (ii)
of the selective reduction algorithm. The reason beingaghos
variables in the remaining; must be joined to get the vari-
ables to be coarsened into a single table.

We now present the formal algorithm, call&eneral
Nest(GN). Given a Markov networkR on the setR of
variables, the GN algorithm will coarséh C R as variable
A.

Algorithm 1 General Nes®, Y, A)

1. LetRy,..., R, be those elements & not deleted by
the call SRAY, R).

2. Compute the Markov joinj,, = r;(R;)®...Qr,(Ry).
3. Computepa—y (r;n).

For example, suppose we wish to compute
GN(R, ADE, G). As previously mentioned,
the selective reduction ofR to the set ADE
leaves {ABD,ABC,ACFE}. The Markov join
r1(ABD) ® ro(ABC) ® r3(ACE) is shown in Fig-
ure 4. The nested relatiop;—(4,p g} (r1 ® r2 @ r3) IS

ure 1 is the nested relation

bG={a,0,5}(T),

depicted in Figure 2.
On the other hand, in practice the joint distributig®)
is usually represented as the Markov network

r1(ABD) @ ro(ABC) @ r3(ACE) @ r4(BCF).

Our General Nest algorithm first applies the selective re-
duction algorithm to remove those tables that need not be
joined. In this caseR, = BCF is deleted. The Markov
join

rl(ABD) ® I'Q(ABC) (9 Irs (ACE)
of the remaining tables is computed, as illustrated in Fig-
ure 4. As the sel DE of variables has been gathered into
a single table, the nest operator is now applied giving
¢G=(,p,E}(r1(ABD) ® r3(ABC) @ r3(ACE)),
as shown in Figure 5. It can be verified that
r4(BCF) ® ¢a=(a,0,p}(r1(ABD) @ r2(ABC) @ r3(ACE))

is the same nested relation@s_; 4, p, g} (r), namely,

PG={a,p,E}(r) =
r4(BCF) ® ¢g=(a,p,5}(r1(ABD) ® r2(ABC) @ r3(ACE)).



B C G p(BCG)
A D E p(ADE)

0 0 0 0 0 0.1 0.5
0 0 1 0.1
1 2 2 0.8
A D E p(ADE)

0 1 0 0 1 1.0 0.2
A D E pDE)

1 0 0 1 0 0.5 0.3
0 1 1 0.5

Figure 5. The nested relation
¢G={a,p,}(r1(ABD) ® r2(ABC) © r3(ACE)),
where ri(ABD) ® ro(ABC) ® r3(ACE) is the
relation in Figure 4.

5 Conclusion

Xiang [9] explicitly states that more work needs to be
done on ougranular probabilistic networks [6]. Here we

have extended [1, 2] by coarseningabitrary set of vari-

ables without any restrictions. Theorem 1 establishes the

correctnes®f our approach.
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