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Abstract. In our earlier works, we coined the phrase granular proba-
bilistic reasoning and showed a local coarsening result. In this paper, we
present a non-local method for coarsening variables (i.e., the variables
are spread throughout the network) and establish its correctness.

1 Introduction

In [3], we coined the phrase granular probabilistic reasoning to mean the ability to
coarsen and refine parts of a probabilistic network depending on whether they
are of interest or not. Granular probabilistic reasoning is of importance as it
not only leads to more efficient probabilistic inference, but it also facilitates the
design of large probabilistic networks [4]. It is then not surprising that Xiang [4]
explicitly states that our granular probabilistic reasoning [3] demands further
attention.

We proposed two operators called nest and unnest for coarsening and refining
variables in a network, respectively [3]. In [I], we showed that the nest operator
can be applied locally to a marginal distribution with the same effect as if it were
applied directly to the joint distribution. However, no study has ever addressed
how to coarsen variables spread throughout a network.

In this paper, we present a method, called Non-local Nest, for coarsening
non-local variables, that is, variables spread throughout a network. This method
gathers all variables to be coarsened into one marginal distribution, and then
applies the nest operator. We also prove our method is correct.

This paper is organized as follows. Section 2 reviews a local nest method. We
present a non-local method for nesting variables in Section 3. The conclusion is
presented in Section 4.

2 A Local Method for Nesting

Consider the joint distribution p(R) represented as a probabilistic relation r(R)
in Fig. @ where R = {A,B,C,D,E,F} = ABCDEF is a set of variables.
Configurations with zero probability are not shown. The nest operator ¢ is used
to coarsen a relation r(XY'). Intuitively, ¢ps4—y (r) groups together all the Y-
values into a nested distribution for coarse variable A given the same X-value.
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More formally,

pa=y(r)
={t | t(X) = u(X), (A) = {u(YP(R))}, t(p(XA)) = u(p(R)), and u € r}.

u

Attribute p(R) in the A-value is relabeled p(Y) and the values are normalized.
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Fig. 1. A probabilistic relation r(R) representing a joint distribution p(R).

Ezample 1. Recall the relation r(ABCDEF) in Fig. [l Nesting variables Y =
DE as the single variable G gives the nested relation ¢g—(p gy(r) in Fig.
For instance, given the fixed X-value (A : 0,B : 1,C : 0, F : 2), the Y-values
(D:1,E:0,p(R):0.15) and (D : 1, E : 1,p(R) : 0.15) are grouped into a nested
distribution. Here the attribute p(R) is relabeled as p(DFE), and the probability
values 0.15 and 0.15 are normalized as 0.50 and 0.50.

In practice, a joint distribution r(R) is represented as a Markov network
(MN) [2]. The dependency structure of a MN is an acyclic hypergraph (a join-
tree) [2]. The acyclic hypergraph encodes conditional independencies [2] satisfied
by r(R). For example, the joint distribution p(R) in Fig. 0l can be expressed as
the MN:

p(ABD) - p(ABC) - p(ACE) - p(BCF) (1)
p(AB) - p(AC) - p(BC) ’

p(R) =

where R = {Ry = {A,B,D}, Ry = {A,B,C}, Rs ={A,C,E}, Ry = {B,C,F}}
is an acyclic hypergraph, and the marginal distributions r1(ABD), ro(ABC),
r3(ACE), and ry(BCF) of r(R) are shown in Fig. B

In our probabilistic relational model [2], the MN in Eq. () is expressed as

r(R) = ((r1(ABD) ® r2(ABC)) @ r3(ACE)) @ r4(BCF),

where the Markov join operator ® means

r(XY)®r(YZ) =
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Fig. 3. The marginals r1(ABD), ro(ABC), r3(ACE), and r4(BCF) of relation r.

We may omit the parentheses for simplified notation. For example, the Markov
join r1(ABD) @ ro(ABC) ® r3(ACE) is shown in Fig.

The main result in [1] was that the nest operator can be applied locally to
one marginal distribution in a Markov network with the same effect as if applied
directly to the joint distribution itself. For example, ¢—¢ gy (r) is the same nested
distribution as r1(ABD) @ r2(ABC) ® ¢pg—( gy (r3(ACE)) @ r4(BCF'). We next
study how to coarsen variables spread throughout a network.

3 A Non-local Method for Nesting

We call Y C R a nestable set with respect to a MN on R = {Ry,...,R,},
if Y does not intersect any separating set [2] of R. Since the nest operator is
unary, the first task is to combine the nestable set Y of variables into a single
table. The well-known relational database selective reduction algorithm (SRA)
is applied for this purpose. The nest operator can then be applied to coarsen Y
as attribute A. We now present the formal algorithm Non-local Nest (NLN) to
coarsen a nestable set Y as attribute A in a given MN on acyclic hypergraph R.
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r1(ABD) @ ra(ABC) @ r3(ACE) =
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Fig. 4. The Markov join r1(ABD) @ r2(ABC) ® rs(ACE).

Algorithm 1 NLN(Y, A, R)
1. Let Rj,..., R, be those elements of R not deleted by the call SRA(Y,R).
2. Return ¢a—y (rjn), where rj, =r;(R;) ®... ® rp(R,).

Theorem 1. Let r(R) = ri(R1) ® ... @ 1;(R;) @rj(R;)... ® rp(Ry) be rep-
resented as a MN, and let Y be a nestable set. Then ¢4—y (r) is the same as
ri(R) ®...0r;(R;) @r', where r’ is the nested relation returned by the call
NLN(Y, A, {R1, R, ..., Rn}).

Ezample 2. DE is a nestable set with respect to R = {R1, Rz, R3, R4} as used
in our running example. Suppose we wish to compute NLN(DE, G, R). Then
SRA(DE,R) = {Ry1, R2, R3}. Again, the Markov join r1 ® ra ® rs is shown in
Fig. Bl The reader can verify that the nested relation ¢g—;p gy(r) in Fig. @lis
the same as r4(BCF)® ¢g—{p, g} (r1(ABD) @ r2(ABC) ®@ r3(ACE)).

4 Conclusion

Xiang [4] explicitly states that more work needs to be done on our granular
probabilistic networks [3]. In this paper, we have extended the work in [I] by
coarsening a non-local set of variables (i.e., variables spread throughout a net-
work). Theorem [ establishes the correctness of our approach.
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