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Abstract. Several researchers have suggested that Bayesian networks
(BNs) should be used to manage the inherent uncertainty in information retrieval. However, it has been argued that manually constructing
a large BN is a difficult process. In this paper, we obtain the only minimal complete subset of the semi-graphoid axiomatization governing the
independency information in a BN. This result may be useful in developing an automated BN construction procedure for information retrieval
purposes.
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Introduction

Probability theory provides a rigorous foundation for the management of uncertain knowledge [4]. We may assume that knowledge is represented as a joint probability distribution. The probability of an event can be obtained (in principle) by
an appropriate marginalization of the joint distribution. Obviously, it may be impractical to obtain the joint distribution directly: for example, one would have to
specify 2n entries for a distribution over n binary variables. However, Bayesian
networks utilize probabilistic conditional independencies that are assumed to
hold in the problem domain to indirectly obtain the required joint probabilities.
A Bayesian network (BN) [4] consists of a directed acyclic graph (DAG) and
a corresponding set of conditional probability distributions. The DAG encodes
all of the probabilistic conditional independencies satisfied by a particular joint
distribution. Thus, BNs provide a semantic modeling tool which facilitate the
acquisition of probabilistic knowledge. Several researchers have suggested that
BNs should be used to manage the inherent uncertainty in information retrieval.
For instance, it was recently shown [5] how retrieval performance can be improved by using BNs to combine document content with the link structure of
the Web. However, it has been argued that manually constructing a large BN is
a difficult process [3]. Thereby, it would be desirable if an automated procedure
could be developed for constructing a BN for information retrieval.
The semi-graphoid axiomatization is a set {(SG1), (SG2), (SG3), (SG4)} of
four inference axioms respectively called symmetry, decomposition, weak union,
and contraction. Dawid [2] originally showed that these axioms were sound for
the implication of probabilistic conditional independence. Pearl [4] realized that
these axioms were in fact complete for inferring all conditional independencies in
a BN. However, Pearl [4] incorrectly conjectured that the semi-graphoid axiomatization was complete for probabilistic conditional independence. This conjecture

sparked a flurry of studies into the completeness problem, including [6, 7, 11] to
name but a few. To the best of our knowledge, however, no investigation has ever
questioned the claim that the semi-graphoid inference axioms are independent.
In this paper, we obtain the only minimal complete subset of the semigraphoid axiomatization. The symmetry axiom (SG1) is stated as an iff inference axiom, while decomposition (SG2), weak union (SG3), and contraction
(SG4) are all stated as if-then inference axioms. Pearl’s claim that the semigraphoid axioms are independent (see Theorem 1 in [4]) needs to be somewhat
qualified. The key observation in this exposition is that the contraction axiom (SG4), like the symmetry axiom (SG1), is not an if-then axiom but is in
fact an iff inference axiom (SG4)0 . This means that the semi-graphoid axiomatization, traditionally written as {(SG1), (SG2), (SG3), (SG4)}, can be written as {(SG1), (SG2), (SG3), (SG4)0 }. It immediately follows that the decomposition axiom (SG2) and the weak union axiom (SG3) can be removed from
{(SG1), (SG2), (SG3), (SG4)0 }, since any probabilistic conditional independence
obtained by an application of (SG2) or (SG3) can be obtained by an application of (SG4)0 . In other words, {(SG1), (SG4)0 } is a minimal complete subset
of the semi-graphoid axiomatization. We also show that {(SG1), (SG4)0 } is the
only subset enjoying this property. The important point to remember, however,
is that the set {(SG1), (SG4)0 } completely characterizes all of the probabilistic
conditional independencies holding in a BN.
This paper is organized as follows. The complete minimal subset of the semigraphoid axiomatization is given in Section 2. The conclusion is presented in
Section 3.

2 A Minimal Complete Subset of the Semi-Graphoid
Axiomatization
We first introduce the fundamental notion of probabilistic conditional independency. Let X, Y and Z be disjoint subsets of variables in R. Let x, y, and z
denote arbitrary values of X, Y and Z, respectively. We say Y and Z are conditionally independent given X under the joint probability distribution p, denoted
Ip (Y, X, Z), if
p(y | x, z) = p(y | x),

(1)

whenever p(x, z) > 0. This conditional independency Ip (Y, X, Z) can be equivalently written as
p(y, x, z) =

p(y, x) · p(x, z)
.
p(x)

(2)

We write Ip (Y, X, Z) as I(Y, X, Z) if the joint probability distribution p is understood.
P
Let
be a set of probabilistic
conditional independencies
and σ be a single
P
P
independency. We say P logically implies σ, written
|= σ, if every distribution which satisfies
also satisfies σ. That is, there is no counter-example

P
distribution such that all of the independencies in
are satisfied
but σ is not.
P
The implication problem [9] is to test whether a given
set
of
independencies
P
logically implies another independency σ, namely,
|= σ.
An inference axiom gives conditions as to when certain probabilistic conditional independencies must be satisfied by a distribution, P
provided that the
distribution satisfies other given independencies.P
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if whenever
` σ, then P |= σ. A setPof inference axioms is complete if the
converse holds, that is, if
|= σ, P
then
` σ. In other words, saying a set of
axioms
are
complete
means
that
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logically
implies the independency σ, then
P
derives σ.
The semi-graphoid inference axioms are [4]:
(SG1) : I(Y, X, Z) if and only if I(Z, X, Y );
[symmetry]
(SG2) : If I(Y, X, ZW ), then I(Y, X, Z);
[decomposition]
(SG3) : If I(Y, X, ZW ), then I(Y, XW, Z);
[weak union]
(SG4) : If I(Y, X, Z) and I(Y, XZ, W ), then I(Y, X, ZW ). [contraction]
These inference axioms were shown sound by Dawid [2].PThis means that if a
conditional independency σ is derived from an input set P of conditional independencies using the semi-graphoid axiomatization, then P
logically implies σ.
Pearl [4] realized that the converse was true, provided thatP is a causal input
list. In other words, if the conditional independencies in
define a BN, then
the semi-graphoid
axioms
will
derive
every
conditional
independency
logically
P
P
implied by . It should be emphasized that if
is an arbitrary set of independencies, then theP
semi-graphoid axioms may not derive every independency
logically implied by . An example of such a case can be found in [6].
Pearl has stated that the semi-graphoid inference axioms are independent
(see Theorem 1 in [4]). In other words, no inference axiom in {(SG1), (SG2),
(SG3), (SG4)} is redundant. This remark needs to be somewhat qualified.
Consider again the semi-graphoid axiomatization. Notice that the symmetry
(SG1) is an iff inference axiom, while decomposition (SG2), weak union (SG3),
and contraction (SG4) are all if-then inference axioms. The following result indicates that the contraction axiom (SG4), like the symmetry axiom (SG1), is in
fact an iff inference axiom.
Theorem 1. The contraction axiom (SG4) in Pearl’s semi-graphoid axioms [4]
is bidirectional, namely:
(SG4)0 : I(Y, X, Z) and I(Y, XZ, W ) if and only if I(Y, X, ZW ). [contraction]

Proof. In [2], Dawid showed that {I(Y, X, Z), I(Y, XZ, W )} |= I(Y, X, ZW )},
{I(Y, X, ZW )} |= I(Y, X, Z), and {I(Y, X, ZW )} |= I(Y, XZ, W ) all hold.
u
t

Theorem 1 is significant since it means that Pearl’s semi-graphoid axioms
(SG1),(SG2),(SG3),(SG4) can be written as {(SG1), (SG2), (SG3), (SG4)0 }:
(SG1) : I(Y, X, Z) if and only if I(Z, X, Y );
[symmetry]
(SG2) : If I(Y, X, ZW ), then I(Y, X, Z);
[decomposition]
(SG3) : If I(Y, X, ZW ), then I(Y, XW, Z);
[weak union]
(SG4)0 : I(Y, X, Z) and I(Y, XZ, W ) if and only if I(Y, X, ZW ). [contraction]
Our objective now is to determine whether we can obtain a set with fewer
inference axioms without changing the closure, i.e., obtain an equivalent set of
inference axioms by removing any redundant axioms. Clearly, axioms (SG2) and
(SG3) are redundant, since any conditional independency obtained using (SG2)
and (SG3) can be obtained by the new contraction axiom (SG4)0 . Thus, we
obtain the following result.
Theorem 2. The following two inference axioms (SG1) and (SG4)0 are a minimal complete subset of Pearl’s semi-graphoid axiomatization:
(SG1) : I(Y, X, Z) if and only if I(Z, X, Y );
[symmetry]
(SG4)0 : I(Y, X, Z) and I(Y, XZ, W ) if and only if I(Y, X, ZW ). [contraction]
Proof. Clearly, {(SG4)0 } is equivalent to {(SG2), (SG3), (SG4)}. It immediately
follows that {(SG1), (SG4)0 } is equivalent to {(SG1), (SG2), (SG3), (SG4)}.
We now show that {(SG1), (SG4)0 } is minimal. Again using the fact that
{(SG4)0 } is equivalent to {SG2, SG3, SG4}, it immediately follows that (SG1)
is not redundant in {(SG1), (SG4)0 } since (SG1) is not redundant in the semigraphoid axioms {(SG1), (SG2), (SG3), (SG4)} [4]. Obviously (SG4)0 } is not
redundant in {(SG1), (SG4)0 }. Thus, {(SG1), (SG4)0 } is minimal.
u
t
Theorem 2 is important since it indicates
that a conditional independency
P
σ can be obtained from a given setP using {(SG1), (SG2), (SG3), (SG4)} if
and only if σ can be obtained from
using {(SG1), (SG4)0 }. This means that
the set {(SG1), (SG4)0 } of inference axioms completely characterizes all of the
probabilistic conditional independencies holding in a BN. It can be easily verified
that (SG2) and (SG3) cannot be written as iff axioms.
Corollary 3. {(SG1), (SG4)0 } is the only minimal complete subset of the semigraphoid axiomatization {(SG1), (SG2), (SG3), (SG4)0 }.

3

Conclusion

The key observation in this paper is that the contraction axiom (SG4), like the
symmetry axiom (SG1), is in fact an iff inference axiom (SG4)0 . This means that
the Pearl’s [4] semi-graphoid axiomatization {(SG1), (SG2), (SG3), (SG4)}, can
be succinctly written as {SG1, SG40 }. In fact, we have shown that this is the

only minimal complete subset of the semi-graphoid axiomatization. This is important since it means that the set {(SG1), (SG4)0 } completely characterizes all
probabilistic conditional independencies holding in a BN.
A study of axiomatization is not only important from a theoretical point
of view. On the contrary, a complete axiomatization provides an algorithmic
approach to the design of relational databases [1], BNs [8], and multi-agent
BNs [10]. Thus, the results in this paper may be of some help in developing
an automated method for constructing BNs for information retrieval purposes.
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