Case Study: A Visual Tool for Moving Mesh Numerical Methods

Daryl H. Hepting *
darylh@cs.sfu.ca

Abstract

Time-dependent partial differential equations are
indispensable in scientific and engineering research,
where they are used to model physical phenomena
such as fluid flow and combustion. Moving mesh nu-
merical solution methods have proven to be particu-
larly well-suited to compute solutions to such prob-
lems which change non-uniformly over time. Com-
puter visualization of moving mesh methods is an
extension of an approach using computers to study
mathematics, first advocated by von Neumann. Uses
of this visualization include verifying the correct op-
eration of the numerical algorithm; providing insight
into improvements to the numerical algorithm; and
interpreting the operation of the numerical algorithm
to a larger community of mathematics researchers.

1 Introduction

Traditionally, numerical methods for solving time de-
pendent partial differential equations have used a
fixed spatial mesh and often a fixed time step. Such
fixed mesh methods have a natural geometric inter-
pretation which is rather static and comprehensible.
In order to more accurately and reliably arrive at a
solution for the underlying physical problem, variable
time steps were introduced to minimize numerical er-
ror. Currently so-called adaptive methods, which also
vary the spatial mesh, are of great interest. For these
methods, the mesh points are allowed to move in or-
der to follow time-dependent features. These features
are particularly troublesome for nonlinear problems
in areas like fluid mechanics and combustion.
Although moving mesh methods also have a natural
geometric interpretation, the added dynamic of the
moving mesh makes visualization an invaluable tool
in the study of these methods. This visualization can
facilitate concrete understanding of the operation of
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the moving mesh methods, apart from the equations
which it is used to solve. Such an understanding is im-
portant to validate the algorithm and lend confidence
to its use for new problems; provide insight leading
in turn to improvements to the algorithm; and effec-
tively illustrate the algorithm to the larger research
community.

In this paper we review related work and briefly de-
scribe the problem under study, describe the graphi-
cal system used to visualize the moving mesh method,
describe two numerical examples, and indicate direc-
tions for future work.

2 Background

The notion that pictures can aid in mathematical dis-
covery and understanding occurs throughout history.
It is best exemplified by considering the oldest areas
of mathematics, geometry and nonlinear dynamics.
Kepler’s discovery of the elliptic planetary orbits is
a prime example of the intertwining of visualization
with early nonlinear dynamics which also provided the
motivation for the development of Newton’s calculus.

For mathematicians, the advent of powerful com-
puters meant that problems previously intractable
by analytic techniques could now be tackled numeri-
cally. More than that, the experimental approach to
mathematics which von Neumann [8] espoused — thor-
ough computational studies of well-chosen problems
intended to “break the deadlock” in work on many
complicated nonlinear problems — became possible.

The enormous increase in power of computers since
von Neumann wrote on the subject has in many re-
spects not seen a commensurate improvement in un-
derstanding of nonlinear problems. With the advent
of computer graphics as a sophisticated tool for visu-
alization, the possibility of von Neumann’s approach
is extended to more fully include the visual sense (also
exemplified by the “synergetic” approach of Zabusky
et al. [10]). Computational fluid dynamics (CFD) is
one area which has benefitted greatly from computer-
graphical tools (see [9] for example), which allow a
visual interpretation which would otherwise not be
possible.



At the core of almost any sophisticated mathemat-
ical model in science and engineering is a nonlinear
partial differential equation (PDE). Many of the fun-
damental questions for PDEs involve simple problems
posed in only one space dimension. Two classic ex-
amples of time-dependent problems, which serve as
examples in this paper, are the well-known Burgers’
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which is representative of so-called blow-up problems
which arise in modelling combustion.

The nonlinearities in these problems are manifested
by regions of very sharp solution variation which move
over time. The moving mesh methods described by
Huang et al. [5] are particularly well-suited to equa-
tions like (1) and (2) above, because they adapt well
to large variations in the solutions over time. In fact,
methods which are not adaptive will often fail for
these equations.

Traditionally, mathematical software for these
time-dependent PDEs has been based on numeri-
cal methods which perform spatial adaptation of the
mesh at a fixed time level, with a high resulting over-
head. Although the fully adaptive moving mesh meth-
ods are in principle more appealing and potentially
much more efficient, early versions were met with only
mixed success. A lack of theoretical underpinning has
plagued the development of these methods, and conse-
quently there has been considerable controversy about
their true potential.

The approach of using moving mesh PDEs (MM-
PDEs) provides the desired theoretical framework and
justification for these adaptive methods. A coordi-
nate transformation is used to determine the com-
putational coordinate system for which the solution
to the PDE is computed on a uniform mesh (which
is a moving mesh in the physical coordinate). Fig-
ure 1 illustrates this mapping. One consequence of
the MMPDE approach is that the problem of solving
a PDE becomes that of computing both the solution
to the PDE and this coordinate transformation. The
solution of the MMPDE is used to position the mesh
points for the evaluation of the physical PDE. In gen-
eral, the MMPDE solution yields a mesh in which
some measure of the physical error in the solution has
been equidistributed. The error in this case is mea-
sured by a so-called monitor function. There may be
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Figure 1: The left image depicts a solution curve for
Burgers’ equation at particular time ¢; with the loca-
tion of mesh points indicated. The right image shows
the mapping of computational coordinates to physical
coordinates.

a choice of appropriate MMPDE’s and monitor func-
tions, depending on the characteristics of the problem
to be solved.

3 Visualization

This work represents a first attempt to develop a vi-
sual tool for the analysis and development of moving
mesh numerical methods, which also facilitates com-
munication about and exploration of the key issues
related to these methods. While significant knowl-
edge of these key issues came with the development
of the numerical methods through the computational
experimentation conducted by Huang et al. [5], that
knowledge has been greatly augmented with the con-
current development of comprehensible visual forms
in the context of this tool.

The tool design corresponds closely to the struc-
ture outlined by Haber and McNabb [4]. Under their
classification scheme, this tool adheres to the post-
simulation analysis approach. After computation has
completed, a history of events comprising the solu-
tion values and mesh positions at each time step is
used as the basis of the visualization. The contents
of the computational history may change based on
an iterative process of computation and visualization
influenced by discovered trends and the needs of the
researcher.

A tool for the communication and exploration of



moving mesh methods requires a wide variety of rep-
resentations and mappings for many display quanti-
ties to encourage understanding and the development
of insights, through a process which Finke [3] calls
“combinational play”.

Multiple representations are used to provide the re-
searcher with different physical and conceptual views
of the computational history. The representations in-
clude:

e physical and computational coordinate solution
trajectories: plot of the function u(z) for all mesh
points x; in physical and computational coordi-
nates.

e mesh trajectory: plot of the mesh points x; for
all times t; of the computation.

e coordinate transformation: plot of the compu-
tational coordinates versus the physical coordi-
nates.

e physical and computational coordinate solution
surface: plot of the solution trajectories (in either
physical or computational coordinates) through
time to form a surface.

A key feature of this tool is its use of several simple
views in a highly coordinated fashion [1, 7, 6]. In-
formation about the currently selected time step and
mesh point is passed to all views to create a more
meaningful display in which cutting planes and other
devices identify common points of reference within
disparate views.

Various display quantities can be derived from the
computational history and by mapping them onto dif-
ferent representations, they can be used to add insight
about the algorithm performance. Many such quan-
tities are possible, but the following are of particular
interest:

e quasi-uniformity: a measure of the mesh unifor-
mity taken by finding the maximum of ratios of
adjacent mesh gap sizes.

e node speed: the rate of mesh movement.

e arc length: the distance between mesh points
along a particular solution curve.

4 Examples

4.1 Burgers’ equation

Burgers’ equation is well-known since its variety of
solution behaviors often makes it an ideal test prob-
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Figure 2: The left image shows a global perspective
on the mesh trajectories, in which the cross-hair in-
dicates the desired point of focus. The right image
shows a magnification, done interactively, about that
point to verify that the mesh points do not cross.

lem for numerical schemes. It is the simplest mathe-
matical formulation of the competition between con-
vection and diffusion and its study advocated by von
Neumann [8] because it captures many properties of
turbulence in a simple form.

The effectiveness of the moving mesh method is
judged here by its ability to follow the shock wave
which develops in the solution. Because many mesh
points gather at nearly the same positions along the
shock wave to faithfully capture its behaviour, as il-
lustrated in Figure 1, the possibility of mesh cross-
ings may seem to exist. Indeed, such crossings were
a difficulty of early attempts to define a moving mesh
method. Figure 2 shows an interactive magnification
facility in the tool which allows immediate verification
of the property that mesh points do not cross.

The mesh trajectories for Burgers’ equation (see
Figure 3a) indicate the rightward movement of the
mesh as it captures the shock wave. However, the be-
haviour of individual mesh points throughout all time
steps is not clear because of the concentration of mesh
points on the shock wave. Greatly improved clarity
is achieved by adding colour to uniquely identify each
gap between adjacent mesh points (see Figure 3b).
The new figure clearly shows how mesh points are
captured by the shock wave and a question arises nat-
urally about whether the number of mesh points used
in computation can be decreased in these situations.



Figure 3: Both images in this figure show the mesh
trajectories, but the figure on the left does not give
a sense of the individual mesh node behaviour over
time. With the use of colour in the right image, it is
possible to gain a clear sense of the position of each
mesh node over time.

4.2 Blow-up problem

Blow-up problems have a scaling invariance which
provides an elegant means to describe the underly-
ing solution structure. In this challenging numeri-
cal problem, moving mesh methods are essential to
capture the solution behaviour in the blow-up region.
MMPDESs and monitor functions are chosen to pre-
serve the scaling invariance of the underlying problem
in such a way that close to the blow-up point mesh
points are placed automatically so that the ignition
kernel, which is well known to be a natural coordinate
in describing the behavior of blow-up, approaches a
constant. This scaling invariance property is easily
verified through visualization, illustrated in Figure 4.

5 Conclusions

The visualization tool described herein has provided
a clear means of communicating the performance of
the moving mesh methods of Huang et al. [5]. This
alone will prove valuable in furthering understanding
of these numerical methods for time-dependent PDEs.

Insights about these well-known problems have also
come from this visualization tool, providing interest-
ing avenues for future research.

Visualization allows interesting qualitative features
of the solution to be identified and investigated. As
Zabusky et al. [10] and Budd et al. [2] state, algo-
rithms which work well for known problems allow
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Figure 4: Scaling invariance of the blow-up problem is
shown by plotting the mesh node trajectories against
function values, computed as a ratio with the maxi-
mum value of u at each time step j (Hg%}j) ). Notice
how the shape of the graph is maintained over a vari-
ety of scales as max(u;) blows up. It is also possible
to see the movement of the mesh nodes to the point

of blow up.




analytically uncharted territory to be explored with
greater confidence. This new territory includes other
problems in one dimension and problems in higher
space dimensions. With the extension to higher di-
mensions, new challenges for the visualization will
also need to be met.
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