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Abstract

Hansonet al. [4] described mathematical visualization as “the art of creating concrete understand-
ing from abstract mathematical objects and their transformations.” Such artistry may be difficult to
achieve because it demands both mathematical and graphical knowledge in one person, or excellent
communication between members of a group of individuals with specific talents. Furthermore, it may
also require the ability to exceed the limitations of one’s own experience. This paper describes a
computer-aided visualization system which aids users in finding meaningful imagery amidst the range
of alternatives.

Introduction

Consider that any images produced by a visualization process are visual representations which illustrate
some underlying concept or data. Any particular visual representation is a combination ofcomponents
from severalcategorieswhich may (depending on the task) include camera, lighting, material, and geom-
etry. Selection of a particular visual representation involves a selection of a component from each category.
As a combination, each visual representation is a point in the space of all possible visual representations.
When there are many categories each containing many components, the space becomes huge.

Computers have proven to be a great aid to the creative human endeavour of visualization. Computer-
generated images have provided access to a variety of data which may have remained impenetrable by
pre-graphical techniques. Considerable visualization research has focused on developing new components
and categories for particular applications. Such a focus may neglect effective new visual representations
which may be found by choosing new combinations within an already defined space.

The effectiveness of any image for any particular user will depend on the interpretation which the user
gives to the image. A user is likely to find more meaning if they have been actively involved in creating
that imagery: “doing” is more powerful than “watching”.

More and more research now deals with the question of how to productively involve the user in the
visualization process. In particular, this paper describes an approach which allows users to search the space
of available alternatives by iteratively selecting from examples and refining the results until a meaningful
visual representation is found. After a review of previous work in this area, we describe the new system
and give examples of how it can be used effectively in the context of mathematical visualization.



Motivation

This work has evolved from a somewhat traditional model of the interaction between researchers in math-
ematics (providing the problem) and those in visualization (providing the images). Key limitations of this
model are highlighted by the following questions:

• how do I realize the image I have in mind?Mathematicians may lack the means to articulate their
ideas in forms which can be directly translated to images. The necessary translation is usually done
through an iterative process of describing, generating, and evaluating images.

• given this image, what other alternatives do I have?A particular visual representation which is
effective in one situation may not be so effective in others. Without a knowledge of the available
alternatives, it may not be easy to find new visual representations for the problem.

Such difficulties present themselves in the more general context of human-computer interaction. Nor-
man [9] viewed this interaction in terms of cycles of action and evaluation. He identified the gulf of
execution between the user’s intentions and the system’s commands; and the gulf of evaluation between
the system’s representation and the user’s expectations.

A Presentation Tool (APT) [7] is one of the first systems intended to provide computer support for the
development of visual representations. It used an artificial intelligence approach to shield the viewer from
the immensity of the space of possible visual representations. Although this approach serves an important
role, its effectiveness is limited because it removes humans from the essential task of interpretation.

SageTools [12] seeks to provide advice to designers through static examples of previously successful
graphics, and some facility for reuse of those graphics. The CCAD [6] is more powerful in its capabilities
for exploring alternative representations, though it requires at least a partial description of the desired out-
put. Design Galleries [8] is still more powerful in its capabilities for exploring the parameter space of very
well-defined problems. Each of these systems relies to some extent on a more or less complete description
of the problem solution, which may serve to limit the range of alternatives which are considered.

Researchers have observed that, especially in design, problems and solutions coevolve [3]. One usually
does not, perhaps cannot, have a clear statement of the problem without an idea of the solution.

Rittel [11] described the difficulty in the following way: “you cannot understand the problem without
having a concept of the solution in mind; and that you cannot gather information meaningfully unless you
have understood the problem but that you cannot understand the problem without information about it.”
The advice is to begin, regardless of whether one is actually at the beginning.

AVS (Application Visualization System) [15] allows users to create complete visualizations from com-
ponents, using a dataflow model to connect them. The SIV (Spreadsheet for Visualization) [2] adopts
a familiar analogy to the task of visualization, and programming is done within the spreadsheet model.
These systems require the user to program, even in very simple terms. The space of alternatives available
for exploration in these schemes is implicitly limited by the user’s own experience.

Sims’ artificial evolution approach gives a more explicit sense of the range of available alternatives,
though it does not provide much of the fine control that would allow particular regions to be searched
more thoroughly. It engages users in an iterative process of evaluating a variety of sample images and
selecting those which are aesthetically appealing. The user can direct the development of the images
without concern for the means used to create them.



border colour indic ates status: 
blue − ’parent’, 

  yellow − ’selected’ , 
grey − ’previously selected’

generate a new spac e, 
based on selections

generate another vi ew
to organize current  space

generate another sc reen 
in the current view

navigate through 
screens

navigate through
views

navigate through
spaces

Make notes about or  mark 
for future referenc e the current 
space, view, or scr een.
A indicates the pre sence of notes, 
T indicates a mark

examine the 
visual 
representation

make notes about/
mark for reference

edit appearance and
change how selectio n
affects each catego ry

Figure 1: An annotated image of the cogito display, working on a sample application

Description

Sims’ application of artificial evolution answers the concern about execution in an appealing way. In
visualization applications, aesthetics is not the most important concern when examining images. However,
because each individual may find a different interpretation for an image, support for the use of subjective
criteria is essential. Therefore, this notion of artificial evolution with a direct manipulation interface has
been used as the basis for a new system, called cogito.

To find a meaningful visual representation, the space of alternatives must be searched. Even with rel-
atively few components and categories, an exhaustive search becomes impractical. To organize a search
of this space, adoption of a problem-solving approach can be helpful. Following Campbell’s evolutionary
epistemology [1], problem-solving is often described as an iterative process comprising steps of combi-
nation, selection, and retention. Such a process is made accessible through a flexible visual interface, the
core of which is inspired by Sims’ system for artificial evolution in computer graphics [13]. The interface
(see Figure ) displays a subset of available representations (sampled according to the selected organization
of the search space), generated from the current data, with which the user can interact.

We reject Mackinlay’s use of artificial intelligence as protection for the user because we regard the
user as someone whose intellect can manage the enormity of the space of all available alternative visual
representations and whose input is essential with regards to the subjective nature of the evaluations needed.



A large space need not cause problems if it can be structured in a meaningful way: the phone book for
a large urban centre is an example. What constitutes a meaningful structure may not be the same for all
users, who may perceive the space to be either clue-rich (“homing”) clue-poor (“Klondike”) [10]. Giving
the user the ability to place different structures on the same space increases the chances that the search
will conclude with a positive outcome.

Cogito aids creativity in the problem-solving process by making available to the user the entire space
of combinations possible from the components provided. It also provides, through views, the means to
structure and examine the space according to a range of criteria. The user sees the current space, with the
current structural view, one screen at a time. Cells, which display individual visual representations and
permit certain operations on them, comprise each screen.

The approach espoused by cogito encourages invention and discovery by facilitating the combination
of ideas, namely components. The user indicates desirable components or complete visual representations
by selection (done by clicking directly on the desired cell). Once the user is satisfied with the selections
made on a particular space, a new space consistent with those selections is generated by a genetic approach
which performs crossover operations amongst selected combinations. Successive generations can be used
to either narrow or expand the search space, depending on the needs of the user. In this way, the space of
all available visual representations can be effectively navigated to achieve meaningful results.

The possibility that the selected alternatives will come from combinations generated outside the user’s
experience is a very powerful aspect of this approach. It is therefore much more likely that fruitful combi-
nations will be explored using this system.

A good strategy for exploration of the whole search space is to pursue a particular direction with each
search and perform many searches. Left without user guidance, the system will present images taken from
the entire search space. In this case, however, a higher proportion of the alternatives presented may be
deemed unusable; and since only a relatively small number of alternatives are sampled and displayed,
useful ones may be missed.

Programming is still required in support of the cogito system, but it differs from the traditional model
in two ways: it is done separately from the interaction during which images are evaluated; and it is done
in terms of components instead of complete representations. Mathematicians and programmers work
together to define the abstractions which will be used to work with the problem and then to build and
assemble the relevant components and categories. The mathematician alone then works directly with the
cogito system to find the visual representations meaningful for the problem. These two steps may be
performed iteratively as understanding of the problem develops.

The cogito system promotes the notion of process over end-result. It creates a map of the user’s explo-
ration in the space of alternative visual representations, which can provide the basis for new directions in
searching of the space. In this way, support is provided for one’s notion of the solution to develop and be
refined over the course of a single session or several subsequent sessions. And it provides a firm basis for
sharing one’s insights with others.

Visualization of Moving Mesh Numerical Methods

Adaptive methods are an important class of techniques in the numerical solution of partial differential
equations (PDEs). For most scientific and engineering problems, the associated PDEs have large variations
in their solution behaviors. These variations indicate that different numerical treatments should be adopted
in the different solution regions. For instance, small elements are necessary to capture the fine structure
of the solution in regions where the solution changes rapidly, and large elements can be used to reduce



Figure 2: Screen capture from cogito working on the moving mesh data

the overall computational cost where the solution does not change much. One may generate the solution-
adapted meshes by solving a system of mesh generation equations. A fundamental task for numerical
analysts is to understand the mesh adaptation procedure. Theoretical analysis is applicable in simple
cases, but for the more general cases it remains a complicated issue [14].

Cogito is applied in this field to help the numerical analysts to understand the mesh adaptation proce-
dure, and to design more efficient and effective adaptive solution methods. Here we use a set of data, ob-
tained from the numerical computation of a particular PDE, which represents the solutions of the physical
problem and the values of the mesh-generation monitor function, quantities which reflect the expectation
of mesh distribution at different times [5].

Several solution features are of great interest to numerical analysts, including: sizes of elements, mesh
density, aspect ratio of elements, and speed (both magnitude and direction) of mesh points. For numerical
analysts, it is desirable to start from one or more of the above features, proceed to suitable pictures which
correspond to certain critical times, and then explore other aspects related to these pictures. We apply
cogito to display a handful of pictures initially representing various but limited combinations of the solu-



tion features. The user may select one or more of these features, examine the corresponding pictures, and
make furthur selections. This interactive procedure facilitates the tasks which numerical analysts perform
to understand the mesh adaptation procedure; to examine the fine structures of certain critical solutions;
to discern the regions where the numerical method encounters difficulties; and ultimately to design better
numerical methods for the solution of scientific and engineering problems.

Conclusions

We claim that this exploratory approach to visualization is effective in fostering discovery. It allows
each user the freedom to create meaningful visual representations, in a way which does not require pro-
gramming of the system. The direct-manipulation style of interaction largely removes the requirement of
translation while maintaining access to available alternative representations.

The emphasis on the process of discovery, and the annotation tools which support it, means that this
system’s approach will provide a firm foundation for communication of visual representations and insights
to colleagues and still broader communities.
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