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Abstract sion trees. Two types of algorithms are proposed and stud-
ied. One is based on local optimization node splitting cri-
A partition-based framework is presented for a formal teria, and the other is based on global optimization criteria.
study of consistent classification problems. An informa- The former is referred to as the level construction version
tion table is used as knowledge representation. Solutionsof ID3 and is denoted by LID3. The latter is in fact a level-
to, and solution space of, classification problems are for- wise, reduct based methods and is denoted:lbig. The
mulated in terms of partitions. Algorithms for finding so- kLR algorithm combines the methods for constructing deci-
lutions are modeled as searching in a space of partitions sion trees and the methods for searching for reducts [4, 5, 9].
under a refinement order relation. We focus on a particular ~ The rest of the paper is organized in two layers. A for-
type of solutions called conjunctively definable partitions. mal framework for classification is presented in Section 2,
Two level construction methods for decision trees are inves-which sets the stage for the algorithmic studies. Level con-
tigated. Experimental results are reported to compare the struction algorithms are discussed in Section 3 and their ex-
two level construction methods. perimental evaluations are reported in Section 4. The pro-
posed methods offer a complementary approach to depth-
first ID3. The decision trees obtained from the algorithms
enables us to see the different aspects of knowledge embed-

1. Introduction ded in data.

Classification is one of the main tasks in machine learn- 2 Consistent Classification Problems
ing, data mining and pattern recognition [1, 3, 4]. It deals

with classifying labeled objects. Knowledge for classifica- 2 1. Information tables
tion can be expressed in different forms, such as classifica-~"~
tion rules, discriminant functions, decision trees and deci-
sion graphs.

Classification by decision trees is a popular method. The
typical algorithms for decision tree learning are the 1D3 al-
gorithm [6] and its descendent, the C4.5 algorithm [7]. Typ-
ically, ID3-like algorithms build a decision in a top-down,
depth-first mode. Furthermore, the node splitting criteria S = (U,At, L, {V, |a € At} {I, | a € At}),
are based on local optimization. When splitting a node,
an attribute is chosen based on only information about thiswhereU is a finite nonempty set of objectdt is a finite
node, but not on any other nodes in the same level. Consenonempty set of attributes, is a language defined by using
quently, different nodes in the same level may use different attributes inAt, V, is a nonempty set of values farwhere
attributes, and the same attribute may be used at differenty € At, andI, : U — V, is an information function.
levels. The use of local optimal criteria makes it difficult to Formulas ofL are defined by the following two rules:
judge the overall quality of the partial decision tree during (i) An atomic formulag of £ is a descripton = v, where
its construction process. a € At andv € V,; (ii) The well-formed formulas (wff)

The main objective of the paper is to study a top- of £ is the smallest set containing the atomic formulas and
down, breadth-first, level-wise mode for constructing deci- closed under, A, vV, — and=.

An information table provides a convenient way to de-
scribe a finite set of objects by a finite set of attributes. It
deals with the issues of knowledge representation for clas-
sification problems [5, 11]. An information tabke is the
tuple:



If ¢ is a formula, the setis(¢) defined by

ms(¢) ={zeU|z|= ¢},

added to the conjunctorry = U is the coarsest partition,
and 4, is the finest partition, for anyd C At, we have
TAL X TA 2 Tpe

. ) ) . The second family is the non-uniformly conjunctively
is called the meaning of the formujain 5. If Sis under-  gefinaple partitions, which has been used extensively in ma-
_stood, we simply vyrlten(qS)._The meaning Qf a formula chine learning [6]. A partitionr is called a non-uniformly

is the set of all objects having the properties expressed byqqnjynctively definable partition in an information tatfle

the formulag. A connection between formulas @fand i the partition blocks select their own optimal attributes to
subsets ol is thus established. further division, according to a consistent selection criteria.

The notion of definability of subsets in an information T sirategy results in that the partition blocks at the same
table is essential to data analysis. In fact, definable subsetg,, g may use different attributes for refinement partition.

are the basic units that can be described and discussed, upgn. I1,,.. be the set of non-uniformly conjunctively defin-

which other notions can be developed. A subse€ U is
called a definable granule in an information tallé there
exists at least one formula such thatn(¢) = X. For a
subset of attributest C At, X is an A-definable granule
if there exists at least one formufgy using only attributes
from A such thatn(¢4) = X.

In many classification algorithms, one is only interested

in formulas of a certain form. Suppose we restrict the con-

nectives of languagé€ to only the conjunction connective
A. A subsetX C U is a conjunctively definable granule in
an information tableS if there exists a conjunctap such
thatm(¢) = X.

2.2. Partitions in an information table

Classification involves the division of the sEtof ob-

able partitions. The partial ordet can be carried over to
Ipee. Supposer; € ;... It can be easily verified that
TAt X T 3 M.

2.3 Solutions to consistent classification problems

In an information table for classification problems, we
have a set of attributdt = F' U {class}. The problem can
be formally stated in terms of partitions.

Definition 2 Aninformation table is said to define a consis-
tent classification if objects with the same description have
the same class value, namely, for any two objectsc U,

IF(l') = IF(y) impliesjclass(x) = class(y)-

Supposer is an A-definable partition, that is, each block

jects into many classes. The notion of partitions provides aof 7 is an A-definable granule. We say thatis a solution

formal means to describe classification.

Definition 1 A partition = of a setU is a collection of
nonempty and pair-wise disjoint subsetdbfvhose union
is U. The subsets in a partition are called blocks.

Different partitions may be related to each other. A par-
tition 7; is a refinement of another partitiory, or equiv-
alently, 7o is a coarsening of-y, denoted byr; < o, if
every block ofr, is contained in some block of;. The
refinement relation is a partial order, namely, it is reflexive,
antisymmetric, and transitive. It defines a partition lattice
).

A partition 7 is called a definable partition in an infor-
mation tableS if every block of 7 is a definable granule.
A partition 7 is called a conjunctively definable partition
if every equivalence class afis a conjunctively definable
granule. Consider two special families of conjunctively de-
finable partitions below.

The first family is the uniformly conjunctively defin-

to the consistent classification problemmif< m¢jass. A
solutionr is called a most general solution if there does not
exist another solution’ such thatr < 7’ < m¢iass, Where

m < =’ stands forr # 7’ andw < 7'.

Supposer is a solution to the classification problem,
namely, 7 < 7cass- FOr @ pair of equivalence classes
X € mandC € meass With X C C, we can derive a
classification ruleDes(X) = Des(C'), whereDes(X)
and Des(C') are the formulas that describe séfsandC,
respectively.

LetII,,; be the set of all solutions called solution space.
The partitiontr is the minimum element dfl,,;. For two
partitions withm; < s, if 75 is a solution, thenr; is also
a solution. For two solutions; andmsy, m; A 7 is also a
solution. The solution spade,,; contains the trivial solu-
tion 7, and is closed under megat The solution space is
a meet sub-lattice.

In most cases, we are interested in the most general so-
lutions, instead of the trivial solutiomgz. In many practical
situations, one is satisfied with an approximate solution of

able partitions, which has been studied extensively in the classification problem, instead of an exact solution.

databases [2]. A partition is called a uniformly conjunc-
tively definable partition in an information tabteif, given
a subset of attributes in a certain order, the blocks are fur-

Definition 3 Letp : m# x 1 — R, whereR™ stands for
non-negative reals, be a function such thpét , 7o) mea-

ther refined in a process that the attributes are one-by-onesures the degree to which < m is true. For a threshold



«, a partition 7 is said to be an approximate solution if Searching solutions in the space of uniformly conjunc-

P, Telass) = @ tively definable partitions can be achieved by rough set
based classification methods [5, 9]. Suppose all the at-

The measurg can be defined to capture various aspects tributes of ' have same priorities. The goal of solution

of classification. Two such measures are discussed belowsearching is to find a subset of attributésso thatr 4 is

they are theatio of sure classificatiofRSC) , and theac- a most general solution to the classification problem. The

curacyof classification. important notions of rough set based approaches are sum-
marized below.

Definition 4 For the partitiont = {X;, Xs,..., X}, the

ratio of sure classification (RSC) hyis given by: Definition 6 An attributea € A is called a core attribute,

if Tp_gq1 iS NOtasolution, i.e(mp_ry X7 .
S {Xi €7 | 3C; € Metass X € Gy} T (7o) = o)

P1 (7T7 Wclass) =

|U]| ’ Definition 7 A subsetd C I is called a reduct, ifr4 is a
1) solution and for any subsé® C A, wp is not a solution.
That is,

where| - | denotes that cardinality of a set. The ratio of (1) TA 2 Telass;
sure classification represents the percentage of objects that (if) for any proper subseB C A, ~(75 = Telass)-
can be classified by without any uncertainty. The measure
P1(T; Telass ) reaches the maximum value 1af =< 7ciass, Each reduct provides one solution to the classification
and reaches the minimum value O if for all blocks € ©  proplems. There may exist more than one reduct. A core
andd; € melass, X; © C; does not hold. For two partitions  attribute must be presented at each reduct, namely, a core
With 7, < 72, We Navep: (71, Tetass) 2 p1(72; Telass)- attribute is in every solution to the classification problem.

The set of core attributes is the intersection of all reducts.
s +1, A ’ The bias of searching solutions in the space of uniformly
accuracy of classification by a partition is defined by: conjunctively definable partitions is to find the reduct, a set
S XN Cox| of individually necessary and jointly sufficient attributes.
po(TT, Telass) = ==L ZIXOT ©) The ID3-like algorithms search the space of non-
U] uniformly conjunctively definable partitions. Typically, a
classification is constructed in a depth-first manner until the
leaf nodes are subsets that consist of elements of the same
class with respect telass. By labeling the leaves by the
class symbol otlass, we obtain a decision tree for clas-
sification. The bias of searching solutions in the space of
non-uniformly conjunctively definable partitions is to find
the shortest tree construction.
One can combine these two searches together, i.e., con-
struct a classification tree by using a reduct set of attributes
derived from a reduct-based algorithm.

Definition 5 For the partitionm = {X;, X»,..., X}, the

whereC;x,) = argmax{|C; N X;| | Cj € Tclass}. The
accuracy ofr is in fact the weighted average accuracies
of individual rules. The measui (7, mclass) reaches the
maximum value 1 ift < 7q1ass, and reaches the minimum
value|Cy,|/|U|, whereCy, is the class with the maximum
number of objects. For two partitions withy < 5, we
havep2 (ﬂ-la 7T'class) > p2 (7T27 7Tclass)-

Additional measures can also be defined based on
the properties of partitions. For example, one may use
information-theoretic measures [12].

2 4. Classification as search 3. Level Construction of Decision Trees

Conceptua”y, f|nd|ng a solution to a classification prob_ Two level construction methods are discussed in this sec-

lem can be modeled as a search in the spacedéfinable tion. One is the ID3-like approach, and the other is the
partitions under the order relatios. A difficulty with reduct-based approach.

this straightforward search is that the space is too large

to be practically applicable. One may avoid such a dif- 3.1. The LID3 algorithm

ficulty in several ways, for instance, only searching the

space of conjunctively definable partitions. In particular, = The ID3 algorithm [6] is perhaps one of the most stud-

in searching the conjunctively definable partitions, two spe- ied depth-first method for constructing decision trees. It
cial cases deserve consideration, namely, the space of unistarts with the entire set of objects and recursively di-

formly conjunctively definable partitions, and the space of vides the set by selecting one attribute at a time, un-
non-uniformly conjunctively definable partitions. til each node is a subset of objects belong to one class.



A level construction method based ID3 is given below.

LID3: A level construction version of ID3
1.Letk =0.
2. Thek-level, k > 0, of the classification tree is built
based on thék — 1)*" level described as follows:
if a node in(k — 1)*" level does not consist of only
elements of the same clasisen
2.1 Choose an attribute based on a certain criterion
0 At — R;
2.2Divide the node based on the selected attribute
and produce thét" level nodes, which are the
subsets of that node;
2.3Label the node by the attribute name, and label
the branches coming out from the node by
values of the attribute.

The selection criterion used by ID3 is an information-
theoretic measures called conditional entropy. $ efenote
the set of objects in a particular node at leffel- 1). The
conditional entropy o€lass given an attribute is denoted

by:

Hg(class|a) = Z Ps(v)H(class|v)

vEV,
= ) Ps(v)Y_ Ps(dJv)log Ps(d|v)
’I}EVQ devclass

= =Y ) Ps(d,v)log Ps(dv), (3)

d€Velass vEV

where the subscrip$ indicates that all quantities are de-
fined with respect to the sét An attribute with the mini-
mum entropy value is chosen to split a node.

For the information Table 1, we obtain a decision tree

shown in Figure 1, and the analysis of RSC and accuracy is

summarized in Table 2.

A B C D class
1 aq b1 C1 d2 -
2 ai b1 Co d2 -
3 ay bo 1 dy +
4 ay b C2 dy +
5 az b1 C1 d2 -
6 ag b1 C2 d1 -
7 a9 bQ C1 d2 -
8 as bo Co dq +
9 as by Cc1 do +
10 as b1 C2 d1 -
11 as b2 C1 d1 +
12 as bQ C2 d1 +

Table 1. An information table

] | Rules | RSC | Accuracy |

k=1 by = 5/6 — 0.00 | 0.83
B b2:>5/6+

k=2 b ANay = 2/2 — 0.83 | 0.92
ABD by Nag = 2/2+

b1/\a3:>1/2—|—
bg/\d1=>5/5+
bg/\d2:>1/17
k=3 b1 ANas A ¢y jl/l—f— 1.00 | 1.00
ABCD b1/\a3/\02:>1/1—

Table 2. Rules generated by ID3

B
b, b,
A D
A N
- - |l + -
c, c,

Figure 1. An ID3 decision tree

3.2. ThekLR algorithm

Recall that a reduct is a set of individually necessary and
jointly sufficient attributes that correctly classify the ob-
jects. An algorithm for finding a reduct can be easily ex-
tended into a level construction method for decision trees
calledkLR.

kLR: A reduct-based level construction method
l.Letk =0.
2. Thek-level, k > 0, of the classification tree is built
based on thék — 1)*" level described as follows:
if there is a node ik — 1)*" level that does not
consist of only elements of the same cltssn
2.1Choose an attribute based on a certain criterion
v: At — R
2.2Divide all the inconsistent nodes based on the
selected attribute and produce tté level
nodes, which are subsets of the inconsistent
nodes;
2.3Label the inconsistent nodes by the attribute
name, and label the branches coming out from
the inconsistent nodes by the values of the
attribute.

Note that when choosing an attribute, one needs to con-
sider all the inconsistent nodes. In contrast, LID3 only con-



] | Rules | RSC| Accuracy | B

k=1 b= 5/6— 0.00 | 0.83 b b
B by = 5/6 —+ L 2
k=2 |bANd =2/2— 0.67 | 0.92 D D
BD by Nd1 = 3/4 —
bg/\d1:>5/5—‘r dl d2 dl d2
bo Ndy = 1/1 — - A + -
k= by Ada ANa; = 2/2— | 1.00 | 1.00 a a
ABD | by Ady Nay = 1/1 — é/—ZT ’
bl/\dg/\a3:>1/1—|— - - —+
Table 3. Rules generated by kLR Figure 2. A kLR decision tree

Comparing these two decision trees in Figures 1 and 2,

siders one inconsistent node at a time. we notice thatLR decision tree can construct a tree pos-
Conditional entropy can also be used as the selection cri-sessing the same RSC and accuracy as the LID3 decision

terion~. In this case, the subset of examples considered atiree with fewer attributes involved. In this example, the
each level is the union of all inconsistent nodes. gt set of attribute§ A, B, D} is a reduct, sincer;4 g py =
be the set of attributes used from level O to lefel- 1). Telass, @and for any proper subsét C {A, B, D}, ~(rx =
The next attribute: for level £ can be selected based on the 7elass)-
following conditional entropy:

4. Experimental evaluations

H(class|A;—1) U{a}). 4)
The use ofA,_;) ensures that all inconsistent nodes at  In order to evaluate level construction methods, we
level £k — 1 are considered in the selection of levekt- choose some well-known datasets from UCI machine learn-
tribute [9]. ing repository [10]. SGI's MLC++ utilities 2.0 [8] is used

The decision trees generated by #eR algorithm are  to discretize the datasets into categorical attribute sets. Set
level-constructed trees. The idea is similar to oblivious de- the accuracy threshotd = 100%.
cision trees, in which all nodes at the same level test the Dataset 1 Credit- 690 training objects, 14 attributes and
same attributes according to a given order. While the order2 classes. Using all the attributes, neither LID3 hbR can
is not given, we can use the functign At — R to decide 100% consistently classify all the training instancésR
an order. The criterion can be one of the information mea- discovers that one attribute contributes little to the classi-
sures, for example, conditional entropy (as shown above)fication, namely, we can have the same RSC and accuracy
or mutual information, which indicate how much informa- values with only 13 attributeskLR generates more rules
tion the attributes contribute to the decision attribcitess than its counterpart. However comparing the trees where

or the statistical measures, for example, fifetest or bi-  the same number of attributes are usedR obtains higher
nomial distribution, which indicates the dependency level RSC and accuracy.
between the test attribute and the decision attrilolaes Dataset 2 Vote - 435 training objects, 16 attributes and

We can get such an order by testing all the attributes. How-2 classes. It achieves 100% of RSC and accuracy for clas-
ever, we need to update the order level by level. There aresification. In the case of LID3, the total tree length is 8
two reasons for level-wise updating. First, in respect that levels, but 15 attributes were required for 100% of RSC and
some nodes of a classification tree are intended to halt theaccuracy. In the case &LR, we can reach the same level
partition when the solutions or the approximate solutions of RSC and accuracy by a 9-level-tree with only 9 related
are found. The search space is possibly changed for differ-attributes.
ent levels. Second, for each test that partitions the search Dataset 3 Cleve - 303 training objects, 13 attributes and
space into uneven-sized blocks, the value of functias 2 classes. It cannot be 100% consistently classified either
the sum of the function value effor each block multiplies by all its 13 attributes. In this dataset, theR tree is short
the probability distribution of the block. than the LID3 tree. Thé&LR tree discovered consists of
Consider the earlier example, based on the conditional11 attributes. This number is less than that is used for con-
entropy, the decision tree built By R algorithm is shown  structing a full LID3 tree. This observation is shown in all
in Figure 2. The analysis of RSC and accuracy is given by the other experiments.
Table 3. The experimental results of the above three datasets are



RSC > 85.00%
RSC > 90.00%
RSC > 95.00%

Accu. > 90.00%
Accu. > 95.00%
Accu. = 98.55%

k = 4 (14 attrs)
k = 6 (14 attrs)
k =11 (14 attrs)
k = 6 (14 attrs)
k =7 (14 attrs)
k =10 (14 attrs)

Dataset 1
Goal LID3 kLR
Accu. > 85.00% k=1(1 attr) k=1(1attr)

k =5 (5 attrs)
k = 8 (8 attrs)
k = 13 (13 attrs)
k = 8 (8 attrs)
k =9 (9 attrs)
k=12 (12 attrs)

RSC > 95.00%

Accu. = 100.00%

RSC = 100.00%

k = 8 (15 attrs)
k =5 (11 attrs)
k = 8 (15 attrs)

RSC = 95.80% k=11 (14 attrs) | k = 13 (13 attrs)
Dataset 2

Goal LID3 kLR

Accu. > 95.00% | k=1 (1attr) k=1 (1 attr)

k=9 (9 attrs)
k = 6 (6 attrs)
k =9 (9 attrs)

Dataset 3

Goal

LID3

kLR

RSC > 80.00%
RSC > 85.00%
RSC > 90.00%
RSC =94.72%

Accu. > 85.00%
Accu. > 90.00%
Accu. > 95.00%
Accu. = 98.35%

k = 3 (6 attrs)

k =5 (11 attrs)
k = 6 (12 attrs)
k = 13 (12 attrs)
k =6 (12 attrs)
k =7 (12 attrs)
k = 8 (12 attrs)
k =13 (12 attrs)

k = 3 (3 attrs)
k = 6 (6 attrs)
k = 8 (8 attrs)
k=11 (11 attrs)
k =7 (7 attrs)
k = 8 (8 attrs)
k =9 (9 attrs)
k=11 (11 attrs)

Table 4. Experimental results of the datasets
used in this paper

reported in Table 4.

tion and solution space are discussed. The structures of
several search spaces are studied. Two level construction
methods are suggested: a breath-first version of ID3 called
LID3, which searches the space of non-uniformly conjunc-
tively definable partitions; and a reduct-based method called
kLR, which searches solutions in the space of uniformly
conjunctively definable partitions. Experimental results are
reported to compare these two methods. They show that
one needs to pay more attention to the less studied level
construction methods.
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