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ABSTRACT
A fuzzy set can be represented by a family of crisp sets using its α-level sets, whereas
a rough set can be represented by three crisp sets. Based on such representations,
this paper examines some fundamental issues involved in the combination of rough-set
and fuzzy-set models. The rough-fuzzy-set and fuzzy-rough-set models are analyzed,
with emphasis on their structures in terms of crisp sets. A rough fuzzy set is a pair
of fuzzy sets resulting from the approximation of a fuzzy set in a crisp approximation
space, and a fuzzy rough set is a pair of fuzzy sets resulting from the approximation
of a crisp set in a fuzzy approximation space. The approximation of a fuzzy set in a
fuzzy approximation space leads to a more general framework. The results may be
interpreted in three different ways.

1

INTRODUCTION

Theories of rough sets and fuzzy sets are distinct and complementary generalizations of set theory [20, 30]. A fuzzy set allows a membership value other than
0 and 1. A rough set uses three membership functions, a reference set and its
1 This paper was published as: Yao, Y.Y., Combination of rough and fuzzy sets based on
α-level sets, in: Rough Sets and Data Mining: Analysis for Imprecise Data, Lin, T.Y. and
Cercone, N. (Eds.), Kluwer Academic Publishers, Boston, pp. 301-321, 1997.
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lower and upper approximations in an approximation space. There are extensive studies on the relationships between rough sets and fuzzy sets [4, 21, 25, 26].
Many proposals have been made for the combination of rough and fuzzy sets.
The results of these studies lead to the introduction of the notions of rough
fuzzy sets and fuzzy rough sets [2, 3, 5, 6, 10, 11, 15, 16].
In the theory of fuzzy sets, two equivalent representations of fuzzy sets have
been suggested [9]. A fuzzy set can be represented either by a membership
function, or by a family of crisp sets called the α-level sets of the fuzzy set.
In many situations, it may be more convenient and simpler to use the setmethod, i.e., the use of α-level sets of a fuzzy set [13, 19]. In contrast to
the functional approach, i.e., the use of membership function of a fuzzy set,
the set-method has many advantages in the definition, analysis, and operation
with fuzzy concepts [22, 23]. Most of the studies on the combination of rough
and fuzzy sets are based on the functional approach. Nakamura [14, 15] used
the α-level sets of a fuzzy similarity relation in the study of fuzzy rough sets.
The use of set-method in the combination of rough and fuzzy sets is briefly
described by Klir and Yuan in a more general framework [9] recently. One may
expect the same advantages of set-method in studying these extended notions.
The present study examines some of fundamental issues in the combination of
rough and fuzzy sets from the perspective of α-level sets. One of the main
objectives is to identify the relationships among rough fuzzy sets, fuzzy rough
sets, and crisp sets. This will help us understand the inherent structures of these
extended sets. In particular, a rough fuzzy set is defined as the approximation
of a fuzzy set in a crisp approximation space, while a fuzzy rough set as the
approximation of a crisp set in a fuzzy approximation space. Another objective
is to study a more general framework in which a fuzzy set is approximated in a
fuzzy approximation space. The results of the approximation can be interpreted
in three different ways, a family of rough sets, a family of rough fuzzy sets, and
a family of fuzzy rough sets.

2

FUZZY SETS

Let U be a set called universe. A fuzzy set F on U is defined by a membership
function µF : U −→ [0, 1]. A crisp set can be regarded as a special case of
fuzzy sets in which the membership function is restricted to the extreme points
{0, 1} of [0, 1]. The membership function of a crisp set is also referred to as a
characteristic function. Given a number α ∈ [0, 1], an α-cut, or α-level set, of
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a fuzzy set is defined by:
Fα = {x ∈ U | µF (x) ≥ α},

(1.1)

which is a subset of U . A strong α-cut is defined by:
Fα+ = {x ∈ U | µF (x) > α}.

(1.2)

Through either α-cuts or strong α-cuts, a fuzzy set determines a family of
nested subsets of U . Conversely, a fuzzy set F can be reconstructed from its
α-level sets as follows:
µF (x) = sup{α | x ∈ Fα }.

(1.3)

The fuzzy-set equality and inclusion are expressed component-wise as:
A=B

⇐⇒ µA (x) = µB (x), for all x ∈ U,

A⊆B

⇐⇒ µA (x) ≤ µB (x), for all x ∈ U.

(1.4)

Using the notion of α-level sets, they can be equivalently defined by:
A=B

⇐⇒

Aα = Bα , for all a ∈ [0, 1],

A⊆B

⇐⇒

Aα ⊆ Bα , for all a ∈ [0, 1].

(1.5)

Therefore, we can use either definition of fuzzy sets. Each of these two representations has its advantages in the study of fuzzy sets. One of the main advantage
of set based representation is that it explicitly establishes a connection between
fuzzy sets and crisp sets. Such a linkage shows the inherent structure of a fuzzy
set.
For an arbitrary family of subsets of U , (Aα )α , α ∈ [0, 1], there is no guarantee
that Aα will be the α-level set of a fuzzy set. The necessary and sufficient
conditions on (Aα )α are given in the following representation theorems proved
by Negoita and Ralescu [17, 18, 22].
Theorem 1 Let (Aα )α , α ∈ [0, 1], be a family of subsets of U . The necessary
and sufficient conditions for the existence of a fuzzy set F such that Fα = Aα ,
α ∈ [0, 1], are:
(i)

α1 ≤ α2 =⇒ Aα1 ⊇ Aα2 ,

(ii)

α1 ≤ α2 ≤ . . . , and αn −→ α =⇒

∞
\
n=1

Aαn = Aα .
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Theorem 2 Let ψ : [0, 1] −→ [0, 1] be a given function, and (Aα )α , α ∈ [0, 1],
be a family of subsets of U . The necessary and sufficient conditions for the
existence of a fuzzy set F such that Fψ(α) = Aα , α ∈ [0, 1], are:
(i′ )

ψ(α1 ) ≤ ψ(α2 ) =⇒ Aα1 ⊇ Aα2 ,

(ii′ ) ψ(α1 ) ≤ ψ(α2 ) ≤ . . . , and ψ(αn ) −→ ψ(α) =⇒

∞
\

Aαn = Aα .

n=1

An implication of Theorem 1 is that the family of α-level sets of a fuzzy set
satisfies conditions (i) and (ii).
There are a number of definitions for fuzzy-set complement, intersection, and
union. We choose the standard max-min system proposed by Zadeh [30], in
which fuzzy-set operations are defined component-wise as:
µ¬A (x)
µA∩B (x)

=
=

1 − µA (x),
min[µA (x), µB (x)],

µA∪B (x)

=

max[µA (x), µB (x)].

(1.6)

In terms of α-level sets, they can be expressed by:
(¬A)α

=

¬A(1−α)+ ,

(A ∩ B)α
(A ∪ B)α

=
=

Aα ∩ Bα ,
Aα ∪ Bα .

(1.7)

An important feature of fuzzy-set operations is that they are truth-functional.
One can obtain membership functions of the complement, intersection, and
union of fuzzy sets based solely on the membership functions of the fuzzy sets
involved.

3

ROUGH SETS

Let U denote a finite and non-empty set called the universe, and let R ⊆
U × U denote an equivalence relation on U , i.e., R is a reflexive, symmetric and
transitive relation. If two elements x, y in U belong to the same equivalence
class, i.e., xRy, we say that they are indistinguishable. The pair aprR = (U, R)
is called an approximation space. The equivalence relation R partitions the set
U into disjoint subsets. It defines the quotient set U/R consisting of equivalence
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classes of R. The equivalence class [x]R containing x plays dual roles. It is a
subset of U if considered in relation to the universe, and an element of U/R
if considered in relation to the quotient set. The empty set ∅ and equivalent
classes are called the elementary sets. The union of one or more elementary
sets is called a composed set. The family of all composed sets is denoted by
Com(apr). It is a subalgebra of the Boolean algebra 2U formed by the power
set of U .
Given an arbitrary set A ⊆ U , it may not be possible to describe A precisely
in the approximation space aprR = (U, R). Instead, one may only characterize
A by a pair of lower and upper approximations. This leads to the concept of
rough sets. In this study, a rough set is interpreted by three ordinary sets:
Reference set :

A ⊆ U,

Lower approximation :

aprR (A) = {x ∈ U | [x]R ⊆ A},

Upper approximation :

aprR (A) = {x ∈ U | [x]R ∩ A 6= ∅}.

(1.8)

By definition, apr R (A) ⊆ A ⊆ aprR (A) and aprR (A) = ¬apr R (¬A). The pair
(apr R (A), apr R (A)) is called a rough set with a reference set A.
The characteristic functions of apr R (A) and aprR (A) are called strong and
weak membership functions of a rough set [20]. Let µA and µR denote the
membership functions of A and R, respectively. The physical meaning of lower
and upper approximations may be understood better by the following two expressions:
(A) (x)

=

inf{µA (y) | y ∈ U, (x, y) ∈ R},

µaprR (A) (x)

=

sup{µA (y) | y ∈ U, (x, y) ∈ R},

µapr

R

(1.9)

and
µapr

R

(A) (x)

µaprR (A) (x)

= inf{1 − µR (x, y) | y 6∈ A},
= sup{µR (x, y) | y ∈ A}.

(1.10)

For the two special sets ∅ and U , definition (1.10) is not defined. In this case, we
simply define µapr (U) (x) = 1 and µaprR (∅) (x) = 0 for all x ∈ U . In subsequent
R
discussion, we will not explicitly state these definitions for boundary cases.
Based on the two equivalent definitions, lower and upper approximations may
be interpreted as follows. An element x belongs to the lower approximation
apr R (A) if all elements equivalent to x belong to A. In other words, x belongs
to the lower approximation of A if any element not in A is not equivalent to
x, namely, µR (x, y) = 0. An element x belongs to the upper approximation
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approximation apr R (A) if at least one element equivalent to x belongs to A.
That is, x belongs to the upper approximation of A if any element in A is equivalent to x, namely, µR (x, y) = 1. Therefore, the weak and strong membership
functions of a rough set can be computed from the membership function of the
reference set if the equivalence relation is used to select elements to be considered. Alternatively, they can also be computed from the membership function
of the equivalent relation if the reference set is used to select elements to be
considered. These two views are important in the combination of rough and
fuzzy sets. For convenience, the strong and weak membership functions of a
rough set can be expressed as:
(A) (x)

=

inf{max[µA (y), 1 − µR (x, y)] | y ∈ U },

µaprR (A) (x)

=

sup{min[µA (y), µR (x, y)] | y ∈ U }.

µapr

R

(1.11)

Although both membership functions of R and A are used, the inf and sup
operations are in fact performed only on one membership function.
For two rough sets (aprR (A), apr R (A)) and (aprR (B), apr R (B)), their intersection and union are given by (apr R (A ∩ B), apr R (A ∩ B)) and (apr R (A ∪
B), apr R (A ∪ B)), with reference sets A ∩ B and A ∪ B, respectively. The
rough-set complement is defined by (apr R (¬A), apr R (¬A)), with a reference
set ¬A. In contrast to fuzzy sets, rough-set intersection and union are not
truth-functional as indicated by the properties:
(R0)

aprR (¬A) = ¬apr R (A),

(R1)

aprR (¬A) = ¬apr R (A),
aprR (U ) = U,

(R2)

aprR (∅) = ∅,
aprR (A ∩ B) = apr R (A) ∩ apr R (B),
aprR (A ∪ B) = apr R (A) ∪ apr R (B),
aprR (A ∪ B) ⊇ apr R (A) ∪ apr R (B),
aprR (A ∩ B) ⊆ apr R (A) ∩ apr R (B),

(R3)

aprR (A) ⊆ A,
A ⊆ aprR (A),

(R4)

A ⊆ aprR (apr R (A)),
aprR (aprR (A)) ⊆ A,

(R5)

aprR (A) ⊆ aprR (apr R (A)),
aprR (aprR (A)) ⊆ aprR (A).
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Property (R0) shows that lower and upper approximations are dual to each
other. The above pairs of properties may be considered as dual properties. It
is sufficient to only define one of the approximations and to define the other one
using property (R0). The two conditions with equality sign in (R2) imply the
other two conditions. They state that in general it is impossible to calculate
the weak membership function of rough-set intersection and the strong membership function of rough-set union based only on the membership functions of
two rough sets involved. One must also take into consideration the interaction
between two reference sets, and their relationships to the equivalent classes
of R. Properties (R0)-(R2) follow from the definition of lower and upper approximations. Property (R3) follows from the reflexivity of binary relations,
property (R4) follows from the symmetry, and property (R5) follows from the
transitivity. By removing the last two properties from (R2), properties (R1)(R5) form an independent set. They are also sufficient in the sense that any
other properties of rough sets can be derived from them [12].
Rough sets are monotonic with respect to set inclusion:
(RM1)
(RM2)

A ⊆ B =⇒ aprR (A) ⊆ aprR (B),
A ⊆ B =⇒ aprR (A) ⊆ aprR (B).

Let R1 and R2 be two equivalence relations on U . R1 is a refinement of R2 ,
or R2 is a coarsening of R1 , if R1 ⊆ R2 . A refinment relation further divides
the equivalence classes of a coarsening relation. That is, R1 is a refinement of
R2 if and only if [x]R1 ⊆ [x]R2 for all x ∈ U . The finest equivalence relation
is the identity relation, whereas the coarsest relation is the Cartesian product
U × U . Rough sets are monotonic with respect to refinement of equivalence
relations. If an equivalence relation R1 is a refinement of another equivalence
relation R2 , for any A ⊆ U we have:
(rm1)

R1 ⊆ R2 =⇒ aprR1 (A) ⊇ aprR2 (A),

(rm2)

R1 ⊆ R2 =⇒ aprR1 (A) ⊆ aprR2 (A).

Approximation of a set in a refined approximation space is more accurate in
the sense that both lower and upper approximations are closer to the set. The
two monotonicities of rough sets are useful in the combination of rough and
fuzzy sets.
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4

COMBINATION OF ROUGH AND
FUZZY SETS

The combination of rough and fuzzy sets leads to the notions of rough fuzzy
sets and fuzzy rough sets. Different proposals have been suggested for defining
such notions. Before presenting rigorous analysis of these concepts based on
α-level sets, we briefly review the main results of existing studies.

4.1

Overview

Given an equivalence relation R on a universe U , it defines a quotient set U/R
of equivalent classes. For any subset A of the universe, Dubois and Prade [6, 7]
defined a rough set as a pair of subsets of U/R:
qapr R (A)
qapr R (A)

= {[x]R | [x]R ⊆ A},
= {[x]R | [x]R ∩ A 6= ∅}.

(1.12)

The first [x]R is used as an element of U/R, and the second [x]R is used as a
subset of U . The pair (qapr R (A), qapr R (A)) is called a rough set on U/R with
reference set A. Although this definition differs from the original proposal of
Pawlak [20], they are consistent with each other. Pawlak’s lower and upper
approximations may be viewed as extensions of qaprR and qaprR :
[
[x]R ,
apr R (A) =
[x]R ∈qapr (A)

apr R (A)

=

[

R

[x]R .

(1.13)

[x]R ∈qapr R (A)

The notion of rough fuzzy sets defined by Dubois and Prade deals with the
approximation of fuzzy sets in an approximation space [6, 7]. Given a fuzzy set
F , the result of approximation is a pair of fuzzy sets on the quotient set U/R:
=

inf{µF (y) | y ∈ [x]R },

µqaprR (F ) ([x]R ) =

sup{µF (y) | y ∈ [x]R }.

µqapr

R

(F ) ([x]R )

(1.14)

By using the extension principle, the pair can be extended to a pair of rough
sets on the universe U :
µapr

R

(F ) (x)

µaprR (F ) (x)

= inf{µF (y) | y ∈ [x]R },
= sup{µF (y) | y ∈ [x]R }.

(1.15)
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Similar to equation (1.11), they can be expressed as:
(F ) (x)

=

inf{max[µF (y), µR (x, y)] | y ∈ U },

µaprR (F ) (x)

=

sup{min[µF (y), 1 − µR (x, y)] | y ∈ U }.

µapr

R

(1.16)

The pair (qaprR (F ), qapr R (F )) is called a rough fuzzy set on U/R, and the
pair (apr R (F ), apr R (F )) is called a rough fuzzy set on U , with reference fuzzy
set F .
The notion of fuzzy rough sets defined by Dubois and Prade [6] is originated
from Willaeys and Malvache [24] for defining a fuzzy set with respect to a
family of fuzzy sets. It deals with the approximation of fuzzy sets in a fuzzy
approximation space defined by a fuzzy similarity relation ℜ or defined by a
fuzzy partition. We only review the results obtained from a fuzzy similarity
relation. A fuzzy similarity relation ℜ is a fuzzy subset of U × U and has three
properties:
reflexivity : for all x ∈ U, µℜ (x, x) = 1,
symmetry : for all x, y ∈ U, µℜ (x, y) = µℜ (y, x),
transitivity : for all x, y, x ∈ U, µℜ (x, z) ≥ min[µℜ (x, y), µℜ (y, z)].
Given a fuzzy similarity relation ℜ, the pair aprℜ = (U, ℜ) is called a fuzzy
approximation space. A fuzzy similarity relation can be used to define a fuzzy
partition of the universe. A fuzzy equivalence class [x]ℜ of elements close to x
is defined by:
µ[x]ℜ (y) = µℜ (x, y).
(1.17)
The family of all fuzzy equivalence classes is denoted by U/ℜ. For a fuzzy set
F , its approximation in aprℜ is called a fuzzy rough set, which is a pair of fuzzy
sets on U/ℜ:
µqapr

ℜ

(F ) ([x]ℜ )

µqaprℜ (F ) ([x]ℜ )

= inf{max[µF (y), 1 − µ[x]ℜ (y)] | y ∈ U },
= sup{min[µF (y), µ[x]ℜ (y)] | y ∈ U }.

(1.18)

They can be extended to a pair of fuzzy sets on the universe:
µapr

ℜ

(F ) (x)

µaprℜ (F ) (x)

= inf{max[µF (y), 1 − µℜ (x, y)] | y ∈ U },
= sup{min[µF (y), µℜ (x, y)] | y ∈ U }.

(1.19)

The approximation of a crisp set in a fuzzy approximation space may be considered as a special case. By comparing equations (1.16) and (1.19), one can
conclude that rough fuzzy sets are special cases of fuzzy rough sets as defined
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by Dubois and Prade. Although the names of rough fuzzy sets and fuzzy rough
sets are symmetric, the role played by them are not symmetric.
Nakamura [14, 15] defined a fuzzy rough set by using a family of equivalence
relations induced by different level sets of a fuzzy similarity relation ℜ. For a
β ∈ [0, 1], the level set ℜβ is an equivalence relation. It defines an approximation
space aprℜβ = (U, ℜβ ). The approximation of a fuzzy set F in aprℜβ turns out
to be a rough fuzzy set (apr ℜ (F ), apr ℜβ (F )). The family of rough fuzzy sets,
β
(apr ℜ (F ), apr ℜβ (F )), β ∈ [0, 1], is related to a fuzzy rough set of Dubois and
β
Prade [6, 7]. Lin [11] studied the concept of fuzzy rough sets from the view
point of the topology of function spaces. However, it needs to be clarified that
fuzzy rough sets called by Lin are in fact rough fuzzy sets called by Dubois and
Prade.
All above proposals agree with Pawlak’s formulation regarding the interpretation of rough-set intersection and union. These operations are defined based on
the approximations of the intersection and union of reference sets or fuzzy sets.
Some other studies on the combination of rough and fuzzy sets do not have this
feature. Iwinski [8] suggested an alternative definition of rough sets, which is
related to but quite different from the one proposed by Pawlak [20]. An Iwinski
rough set is defined as a pair of subsets taking from a sub-Boolean algebra of
2U , without reference to a subset of the universe. For simplicity, we consider the
sub-Boolean algebra formed by the set of all composed sets Com(apr). An Iwinski rough set is defined as pair of sets (AL , AU ) with AL ⊆ AU from Com(apr).
We may refer to AL and AU as lower and upper bounds, respectively. The
intersection and union are defined component-wise as:
(AL , AU ) ∩ (BL , BU ) = (AL ∩ BL , AU ∩ BU ),
(AL , AU ) ∪ (BL , BU ) = (AL ∪ BL , AU ∪ BU ).

(1.20)

One of the difficulties with such a definition is that the physical meaning of
(AL , AU ) is not entirely clear. This notion may perhaps be interpreted in relation to the concept of interval sets [27]. Biswas [3] adopted the same definition
of rough fuzzy sets from Dubois and Prade. For rough-fuzzy-set intersection
and union, a definition similar to that of Iwinski is used. Their use of two
different models may lead to inconsistency in the interpretation of the concepts
involved.
Nanda and Majumdar [16] suggested a different proposal for the definition of
fuzzy rough sets by extending the work of Iwinski. Their definition is based
on a fuzzification of the lower and upper bounds of Iwinski rough sets. It may
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be related to the concept of interval-valued fuzzy sets, also known as Φ-fuzzy
sets [5, 31]. The same definition was also used by Biswas [2].
Kuncheva [10] defined the notion of fuzzy rough sets which models the approximation of a fuzzy set based on a weak fuzzy partition. It uses measures
of fuzzy-set inclusion. A number of of different definitions may indeed be obtained with various measures of fuzzy-set inclusion. The intersection and union
operations were not explicitly discussed by Kuncheva. This model is different
from the above mentioned works. It is related to the probabilistic rough set
model [29] and the variable precision rough set model [32].
The review of existing results shows that the same notions of rough fuzzy set
and fuzzy rough sets are used with different meanings by different authors. The
functional approaches clearly define various notions mathematically. However,
the physical meanings of these notions are not clearly interpreted. In the rest
of this section, we attempt to address these issues. The approximation of a
fuzzy set in a crisp approximation space is called a rough fuzzy set, to be
consistent with the naming of rough set as the approximation of a crisp set
in a crisp approximation space. The approximation of a crisp set in a fuzzy
approximation space is called a fuzzy rough set. Such a naming scheme has
been used by Klir and Yuan [9], and Yao [28]. Under this scheme, these two
models are complementary to each other, in a similar way that rough sets and
fuzzy sets complementary to each other. In contrast to the proposal of Dubois
and Prade [7], rough fuzzy sets are not considered as special cases of fuzzy
rough sets. As a result, the framework of the approximation of a fuzzy set in
a fuzzy approximation space is considered to be a more general model which
unifies rough fuzzy sets and fuzzy rough sets. All these notions are interpreted
based on the concept of α-level sets, which may be useful for their successful
applications.

4.2

Approximation of fuzzy sets in crisp
approximation spaces: rough fuzzy sets

Consider the approximation of a fuzzy set F = (Fα )α , α ∈ [0, 1], in an approximation space aprR = (U, R), where R is an equivalence relation. For each
α-level set Fα , we have a rough set:
Reference set :
Lower approximation :

Fα ,
apr R (Fα ) = {x ∈ U | [x]R ⊆ Fα },

Upper approximation :

apr R (Fα ) = {x ∈ U | [x]R ∩ Fα 6= ∅}. (1.21)
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That is, (apr R (Fα ), aprR (Fα )) is a rough set with reference set Fα . For the
family of α-level sets, we have a family of lower and upper approximations,
(apr R (Fα ))α and (apr R (Fα ))α , α ∈ [0, 1]. A crucial question is whether they
are the families of α-level sets of two fuzzy sets. Since the family Fα , α ∈ [0, 1],
is constructed from a fuzzy set F , we have α1 ≤ α2 =⇒ Fα1 ⊇ Fα2 . By the
monotonicity of lower and upper approximations with respect to set inclusion,
i.e., properties (RM1) and (RM2), one can conclude that both (apr R (Fα ))α and
(apr R (Fα ))α satisfy condition (i). The α-level sets of the fuzzy set F satisfy
condition (ii). This implies that both families, (apr R (Fα ))α and (apr R (Fα ))α ,
α ∈ [0, 1], satisfy condition (ii). By Theorem 1, they define a pair of fuzzy sets
apr R (F ) and aprR (F ) such that,
(apr R (F ))α

=

aprR (Fα ),

(apr R (F ))α

=

aprR (Fα ).

(1.22)

They are defined by the following membership functions:
µapr

R

(F ) (x)

µaprR (F ) (x)

=

sup{α | x ∈ (apr R (F ))α }

=

sup{α | aprR (Fα )}

=
=

sup{α | [x]R ⊆ Fα },
sup{α | x ∈ (apr R (F ))α }

=

sup{α | x ∈ aprR (Fα )}

=

sup{α | [x]R ∩ Fα 6= ∅}.

(1.23)

For an equivalence class [x]R , [x]R ⊆ Fα if and only if µF (y) ≥ α for all
y ∈ [x]R , and [x]R ∩ Fα 6= ∅ if and only if there exists a y ∈ [x]R such that
µF (y) ≥ α. Therefore, the membership value of x belonging to aprR (F ) is the
minimum of membership values of elements in the equivalent class containing
x, and the membership value of x belonging to apr R (F ) is the maximum. They
can be equivalently defined by:
µapr

R

(F ) (x)

=

sup{α | [x]R ⊆ Fα }

=

sup{α | for all y, y ∈ [x]R =⇒ µF (y) ≥ α}

=

inf{µF (y) | y ∈ [x]R }

=
=

inf{µF (y) | (x, y) ∈ R}
inf{max[µF (y), 1 − µR (x, y)] | y ∈ U },
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=

sup{α | [x]R ∩ Fα 6= ∅}

=
=

sup{α | there exists a y such that y ∈ [x]R and µF (y) ≥ α}
sup{µF (y) | y ∈ [x]R }

=
=

sup{µF (y) | (x, y) ∈ R}
sup{min(µF (y), µR (x, y)) | y ∈ U }.

(1.24)

They may be considered as a generalization of a rough set based on the interpretation of rough sets given by equation (1.9). Moreover, these membership
functions can be expressed conveniently by the same formula (1.16).
The use α-level sets provides a clear interpretation of rough fuzzy sets. A fuzzy
set F is described by a pair of fuzzy sets in an approximation space. It lies
between the lower and upper approximations apr R (F ) and aprR (F ). We call
the pair (apr R (F ), apr R (F )) a rough fuzzy set with a reference fuzzy set F . In
other words, a rough fuzzy set is characterized by three fuzzy sets:
Reference fuzzy set :

µF ,

Lower approximation :

µapr

Upper approximation :

µaprR (F ) (x) = sup{µF (y) | y ∈ U, (x, y)R}.(1.25)

R

(F ) (x)

= inf{µF (y) | y ∈ U, (x, y) ∈ R},

An α-level set of a rough fuzzy set is defined by in terms of the α-level sets of
a fuzzy set F :
(apr R (F ), apr R (F ))α

= (apr R (Fα ), aprR (Fα ))
= ((apr R (F ))α , (apr R (F ))α ),

(1.26)

which is a rough set. By combining the results given in equations (1.5), (1.7),
and the properties (R0)-(R5) of rough sets, rough fuzzy sets have properties:
for two fuzzy sets A and B,
(RF0)

aprR (¬A) = ¬apr R (A),

(RF1)

aprR (¬A) = ¬apr R (A),
aprR (U ) = U,

(RF2)

aprR (∅) = ∅,
aprR (A ∩ B) = apr R (A) ∩ apr R (B),
aprR (A ∪ B) = apr R (A) ∪ apr R (B),
aprR (A ∪ B) ⊇ apr R (A) ∪ apr R (B),

(RF3)

aprR (A ∩ B) ⊆ apr R (A) ∩ apr R (B),
aprR (A) ⊆ A,
A ⊆ aprR (A),
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(RF4)

A ⊆ aprR (apr R (A)),

(RF5)

aprR (apr R (A)) ⊆ A,
aprR (A) ⊆ apr R (apr R (A)),
aprR (apr R (A)) ⊆ aprR (A).

Rough fuzzy sets are monotonic with respect to fuzzy set inclusion: namely,
for two fuzzy sets A, B,
A ⊆ B =⇒ aprR (A) ⊆ aprR (B),
A ⊆ B =⇒ aprR (A) ⊆ aprR (B).

(RFM1)
(RFM2)

They are also monotonic with respect to refinement of equivalence relations.
For two equivalence relations R1 and R2 and a fuzzy set F , we have:

4.3

(rfm1)

R1 ⊆ R2 =⇒ aprR1 (F ) ⊇ apr R2 (F ),

(rfm2)

R1 ⊆ R2 =⇒ aprR1 (F ) ⊆ apr R2 (F ).

Approximation of crisp sets in fuzzy
approximation spaces: fuzzy rough sets

The concept of approximation spaces can be generalized by using fuzzy relations [1, 6]. Consider a fuzzy approximation space aprℜ = (U, ℜ), where ℜ is a
fuzzy similarity relation. Each of ℜ’s β-level sets is an equivalence relation [15].
One can represent ℜ by a family of equivalence relations:
ℜ = (ℜβ )β ,

β ∈ [0, 1].

(1.27)

This family defines a family of approximation spaces:
aprℜ = (aprℜβ = (U, ℜβ ))β ,

β ∈ [0, 1].

(1.28)

Given a subset A of U , consider its approximation in each of the approximation
spaces. For a β ∈ [0, 1], we have a rough set:
Reference set :

A ⊆ U,

Lower approximation :

aprℜ (A) = {x ∈ U | [x]ℜβ ⊆ A},

Upper approximation :

aprℜβ (A) = {x ∈ U | [x]ℜβ ∩ A 6= ∅}. (1.29)

β

With respect to a fuzzy approximation space, we obtain a family of rough sets:
(apr ℜ (A), apr ℜβ (A))β ,
β

β ∈ [0, 1].

(1.30)
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Consider the family of lower approximations (apr ℜ (A))β , β ∈ [0, 1]. Recall
β
that ℜβ ’s are derived from a fuzzy similarity relation ℜ. If β2 ≤ β1 , then
ℜβ1 ⊆ ℜβ2 , i.e., ℜβ1 is a refinement of ℜβ2 . By property (rm1), it follows that
apr ℜ (A) ⊇ apr ℜ (A). Let ψ(β) = 1 − β. We have ψ(β1 ) ≤ ψ(β2 ) =⇒
β1

β2

apr ℜ (A) ⊇ aprℜ (A). Therefore, property (i′ ) holds. Since ℜβ ’s are derived
β1

β2

from a fuzzy similarity relation ℜ, they satisfy property (ii) in Theorem 1.
Combining this result with the definition of lower approximation and property (rm1), one can conclude:
ψ(β1 ) ≤ ψ(β2 ) ≤ . . . and ψ(βn ) −→ ψ(β) =⇒
∞
\
apr ℜ (A) = aprℜ (A).
n=1

βn

β

(1.31)

Hence, property (ii′ ) holds. By Theorem 2, there exists a fuzzy set aprℜ (A)
such that (aprℜ (A))ψ(β) = apr ℜ (A). Similarly, one can use Theorem 1 to show
β

the existence of a fuzzy set apr ℜ (A) for the family of upper approximations
(apr ℜβ (A))β such that (apr ℜ (A))β = aprℜβ (A). In this case, property (rm2)
is used.
The membership functions of the derived two fuzzy sets are given by:
µapr

ℜ

(A) (x)

µaprℜ (A) (x)

=

sup{ψ(β) | x ∈ (apr ℜ (A))ψ(β) }

=

sup{1 − β | x ∈ aprℜ (A)}

=
=

sup{1 − β | [x]ℜβ ⊆ A}
sup{1 − β | for all y, µℜ (x, y) ≥ β =⇒ y ∈ A}

=
=

sup{1 − β | for all y, y 6∈ A =⇒ µℜ (x, y) < β}
inf{1 − µℜ (x, y) | y 6∈ A}

=
=

inf{max[µA (y), 1 − µℜ (x, y)] | y ∈ U },
sup{β | x ∈ (aprℜ (A))β }

=
=

sup{β | x ∈ aprℜβ (A)}
sup{β | [x]ℜβ ∩ A 6= ∅}

=
=

sup{β | these exists a y such that µℜ (x, y) ≥ β and y ∈ A}
sup{µℜ (x, y) | y ∈ A}

=

sup{min[µA (y), µℜ (x, y)] | y ∈ U }.

β

(1.32)

They may be regarded as a generalization of rough set according to the interpretation given by equation (1.10). They also conform to the general formula (1.16).
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We call the pair of fuzzy sets (apr ℜ (A), apr ℜ (A)) a fuzzy rough sets with reference set A. A fuzzy rough set is characterized by a crisp set and two fuzzy
sets:
Reference set :
Lower approximation :

A ⊆ U,
µapr (A) (x) = inf{1 − µℜ (x, y) | y 6∈ A},

Upper approximation :

µaprℜ (A) (x) = sup{µℜ (x, y) | y ∈ A}.

ℜ

(1.33)

An β-level set of a fuzzy rough sets is in terms of the β-level sets of the fuzzy
similarity relation as:
(apr ℜ (A), apr ℜ (A))β

= (apr ℜ (A), apr ℜβ (A))
β

= ((apr ℜ (A))(1−β) , (apr ℜ (A))β ),

(1.34)

which is a rough set with reference set A in the approximation space aprℜβ =
(U, ℜβ ).
Based on the properties of rough sets, one can see that fuzzy rough sets satisfy
the properties: for A, B ⊆ U ,
(FR0)

aprℜ (¬A) = ¬aprℜ (A),
aprℜ (¬A) = ¬aprℜ (A),

(FR1)

aprℜ (U ) = U,
aprℜ (∅) = ∅,

(FR2)

aprℜ (A ∩ B) = aprℜ (A) ∩ aprℜ (B),
aprℜ (A ∪ B) = aprℜ (A) ∪ aprℜ (B),
aprℜ (A ∪ B) ⊇ aprℜ (A) ∪ aprℜ (B),
aprℜ (A ∩ B) ⊆ aprℜ (A) ∩ aprℜ (B),

(FR3)

aprℜ (A) ⊆ A,
A ⊆ aprℜ (A).

For fuzzy rough sets, we do not have properties similar to (R4) and (R5), or
(RF4) and (RF5). This stems from the fact the result of approximating a crisp
set is a pair of fuzzy sets. Further approximations of the resulting fuzzy sets
are not defined in this framework.
Fuzzy rough sets are monotonic with respect to set inclusion:
(FRM1)

A ⊆ B =⇒ aprℜ (A) ⊆ aprℜ (B),

(FRM2)

A ⊆ B =⇒ aprℜ (A) ⊆ aprℜ (B).
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They are monotonic with respect to the refinement of fuzzy similarity relations.
A fuzzy similarity relation ℜ1 is a refinement of another fuzzy similarity relation
ℜ2 if ℜ1 ⊆ ℜ2 , which is a straightforward generalization of the refinement of
crisp relations. The monotonicity of fuzzy rough sets with respect to refinement
of fuzzy similarity relation can be expressed as:

4.4

(frm1)

ℜ1 ⊆ ℜ2 =⇒ aprℜ1 (A) ⊇ aprℜ2 (A),

(frm2)

ℜ1 ⊆ ℜ2 =⇒ aprℜ1 (A) ⊆ aprℜ2 (A).

Approximation of fuzzy sets in fuzzy
approximation spaces

This section examines the approximation of a fuzzy set in a fuzzy approximation
space. In this framework, on the one hand, we have a family of α-level sets
(Fα )α , α ∈ [0, 1], representing a fuzzy set F , on the other hand, we have a family
of β-level sets (ℜβ )β , β ∈ [0, 1], prepresenting a fuzzy similarity relation ℜ.
Each α-level set Fα is a crisp set, and each β-leval relation ℜβ is an equivalence
relation. Rough sets, rough fuzzy sets, and fuzzy rough sets can therefore be
viewed as special cases of the generalized model.
For a fixed pair of numbers (α, β) ∈ [0, 1]×[0, 1], we obtain a submodel in which
a crisp set Fα is approximated in a crisp approximation space aprℜβ = (U, ℜβ ).
The result is a rough set (aprℜ (Fα ), apr ℜβ (Fα )) with the reference set Fα .
β

For a fixed β, we obtain a submodel in which a fuzzy set (Fα )α , α ∈ [0, 1], is
approximated in a crisp approximation space aprℜβ = (U, ℜβ ). The result is
a rough fuzzy set (apr ℜ (F ), aprℜβ (F )) with the reference fuzzy set F . On
β
the other hand, for a fixed α, we obtain a submodel in which a crisp set Fα is
approximated in a fuzzy approximation space (aprℜβ = (U, ℜβ ))β , β ∈ [0, 1].
The result is a fuzzy rough set (apr ℜ (Fα ), aprℜ (Fα )) with the reference set
Fα . In the generalized model, both α and β are not fixed. The result may be
interpreted in three different views.
A family of rough sets: The first interpretation is based on a family of rough
sets:
α ∈ [0, 1], β ∈ [0, 1],
(1.35)
(apr ℜ (Fα ), aprℜβ (Fα )),
β

which represents the rough set approximation of each α-level set of a fuzzy set F
in an approximation space induced by an β-level relation of a fuzzy similarity
relation ℜ. Under this interpretation, the relationships between different α-
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level sets of F , and the relationships between different β-level relations of ℜ,
are not taken into consideration.
A family of rough fuzzy sets: In the second view, we consider the following
family of rough fuzzy sets:
(aprℜ (F ), apr ℜβ (F ))β ,
β

β ∈ [0, 1],

(1.36)

which takes into consideration the relationships between different α-level sets
of a fuzzy set F . The relationships between different β-level relations of a fuzzy
similarity relation ℜ are not considered.
A family of fuzzy rough sets: By employing the relationship between different β-level relations of a fuzzy relation ℜ, we obtain a family of fuzzy rough
sets:
(apr ℜ (Fα ), apr ℜ (Fα )),
α ∈ [0, 1].
(1.37)
It does not take account the relationships between different α-level sets of a
fuzzy set F .
The above interpretations depend on the ways in which the family of rough
sets (apr ℜ (Fα ), aprℜβ (Fα )), α ∈ [0, 1], β ∈ [0, 1], are grouped. An interesting
β
problem is how to take into consideration both relationships between different
α-level sets of fuzzy sets, and the relationships between different β-level relations of fuzzy similarity relations. By comparing equations (1.11), (1.24), and
(1.32), one can conclude that the membership functions of rough sets, rough
fuzzy sets, and fuzzy rough sets can be computed uniformly using the same
scheme:
(∆) (x)

=

inf{max[µ∆ (y), 1 − µΓ (x, y)] | y ∈ U },

µaprΓ (∆) (x)

=

sup{min[µ∆ (y), µΓ (x, y)] | y ∈ U },

µapr

Γ

(1.38)

where Γ is a variable that takes either an equivalence relation or a fuzzy similarity relation as its value, and ∆ is a variable that takes either a crisp set or
a fuzzy set as its value. The same scheme is used by Dubois and Prade [6] to
define a pair of fuzzy sets as the result of approximating a fuzzy set in a fuzzy
approximation space. This involves the combination of degrees of memberships
of a fuzzy set and a fuzzy similarity relation. The physical meaning is not
entirely clear. It is questionable that an element with α degree membership
belonging to a fuzzy set would have the same physical interpretation as a pair
with α degree membership belonging to a fuzzy relation, as the universes of the
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former and latter are quit different. For this reason, in this study we do not
mix the membership functions of a fuzzy set and a fuzzy similarity relation. As
seen from equations (1.11), (1.24), and (1.32), the inf and sup operations are
indeed performed on one membership function. The use of other membership
function is only for the seek of convenience.

5

CONCLUSION

A rough set is the approximation of a crisp set in a crisp approximation space.
It is a pair of crisp set. A rough fuzzy set is derived from the approximation of
a fuzzy set in a crisp approximation space. It is a pair of fuzzy sets in which
all elements in the same equivalence class have the same membership. The
membership of an element is determined by the original memberships of all
those elements equivalent to that element. A fuzzy rough set is derived from
the approximation of a crisp set in a fuzzy approximation space. It is a pair of
fuzzy sets in which the membership of an element is determined by the degrees
of similarity of all those elements in the set. By combining these submodels,
we have proposed a more generalized model. In this model, we have studied
the approximation of a fuzzy set in a fuzzy approximation space. The result
of such an approximation is interpreted from three different point of views, a
family of rough sets, a family of rough fuzzy sets, and a family of fuzzy rough
sets.
By using a family of α-level sets for representing a fuzzy set, this study offered
a different and complimentary perspective in understanding the combination of
rough and fuzzy sets. More importantly, the investigation has clearly demonstrated the relationships among rough sets, rough fuzzy sets, fuzzy rough sets
and ordinary sets. The inherent structures in each of these sets have also been
exposed.
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