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Abstract. The objective of this chapter is to provide a semantic framework for fuzzy sets in the theory of rough sets. Rough membership functions are viewed as a special type of fuzzy membership functions interpretable using conditional probabilities. The relationships between fuzzy
membership functions and rough membership functions, between core
and support of fuzzy set theory and lower and upper approximation of
rough set theory, are investigated. It is demonstrated that both theories
share the same qualitative properties. Interpretations of fuzzy sets in
rough set theory lead to constraints on membership values. Two types
of constraints on membership values are studies, namely, constraints on
membership values of related elements and constraints on membership
values of related sets. The classical rough set model and generalized rough
set models are discussed.

1

Introduction

The theory of rough sets deals with the approximation of sets under indiscernibility [7, 8]. The theory of fuzzy sets handles vague concepts by allowing partial
memberships [23]. Both theories are motivated by the practical needs to manage and process uncertainty inherent in real world problem solving. They are
different and complementary generalizations of classical set theory [2, 10, 14].
Semantic interpretation of a fuzzy membership grade is one of the fundamental issues of fuzzy set theory [4]. Dubois and Prade examined three main semantics of membership functions, namely, similarity, preference and uncertainty [3,
4]. Each of them underlies a particular class of applications. The co-existence of
multiple interpretations shows the richness of the concept of fuzzy sets.
The similarity based semantics relies on relationships between objects of a
universe in terms of a similarity, a dissimilarity, or a distance function. The
membership of an object is the degree of proximity of the object to the prototype elements of a fuzzy set [4]. The similarity based semantics imposes certain
qualitative and quantitative constraints, reflecting the similarity of objects. The
more similar an object is to the prototype elements of a fuzzy set, the greater is
its membership grade, and vice versa. The membership grades can be computed

by means of an increasing function of the similarity between an object and the
prototype elements of a fuzzy set [3, 4].
The theory of rough sets is based on a well studied and practical notion
called equivalence relations. Equivalence relations are defined and explained in
terms of an information table, such as a database. By focusing on one particular
type of uncertainty, namely, the discernibility or indistinguishability of elements,
rough set theory has a systematic treatment of its semantic interpretations. The
formulation and interpretation of rough sets as defined by rough membership
functions, set-theoretic operators, as well as rough set approximation operators
are inseparable parts of the theory.
Equivalence relations describe a specific type of similarity between objects.
Other types of binary relations are also used in generalizations of rough sets [20].
A question arises naturally is whether we can adopt the methodologies used in
the study of rough sets to investigate fuzzy sets. We attempt to provide a positive answer to the question in this chapter. Similarity based semantics of fuzzy
sets is discussed in terms of rough sets. While many investigations of fuzzy sets
focus on quantitative study of the theory, we focus on the qualitative aspects of
the theory. Rough membership functions are viewed as a special type of fuzzy
membership functions interpretable using conditional probabilities. Rough set
approximations are related to the core and support of a fuzzy set. Based on
these connections, we demonstrate that both theories share the same qualitative features. We also study qualitative constraints on membership values and
approximation operators based on discernibility and similarity of elements. The
constraints and approximation operators are studied in detail with respect to
the classical rough set model based on equivalence relations or partitions, generalized rough set models based on arbitrary binary relations, and generalized
rough set models based on coverings [15].

2

A Critical Review of Fuzzy Sets

The notion of fuzzy sets provides a convenient tool for representing vague concepts by allowing partial memberships [23]. Depending on the characteristics of
membership values, two types of fuzzy sets have been studied [6]. If fuzzy membership functions take a single value from the unit interval [0,1] or a lattice, the
corresponding fuzzy sets are known as type 1 fuzzy sets. If fuzzy membership
functions take type 1 fuzzy sets as their values, the corresponding fuzzy sets are
known as type 2 fuzzy sets.
In this chapter, we restrict our discussion to the classical fuzzy sets, i.e.,
the type 1 fuzzy sets. Furthermore, we assume that the universe, namely, the
referential set on which fuzzy sets are defined, is finite. For simplicity, we use the
same symbols for both standard set-theoretic relations and operators and fuzzy
set-theoretic relations and operators.

2.1

Fuzzy set systems

Let U be a finite and non-empty set called universe. A fuzzy subset of U is
defined by a membership function:
µA : U −→ [0, 1].

(1)

Fuzzy set inclusion and equality can be defined component-wise. A fuzzy set µA
is a subset of another fuzzy set µB , written µA ⊆ µB if and only if µA (x) ≤ µB (x)
for all x ∈ U . Fuzzy set µA is equal to fuzzy set µB , written µA = µB if and only
if µA (x) = µB (x) for all x ∈ U . Obviously, µA = µB if and only if µA ⊆ µB and
µB ⊆ µA .
There are many definitions for fuzzy set complement, intersection, and union.
The standard min-max system proposed by Zadeh is given component-wise
by [23]:
µ¬A (x) = 1 − µA (x),
µA∩B (x) = min(µA (x), µB (x)),
µA∪B (x) = max(µA (x), µB (x)).

(2)

A crisp subset of U may be viewed as a degenerated fuzzy set. In this case, the
membership function is the characteristic function taking only two values 0 and
1. The min-max fuzzy set-theoretic operators reduce to the classical set-theoretic
operators when characteristic functions are used.
In general, one may define fuzzy set operators using triangular norms (tnorms) and conorms (t-conorms) [1, 5, 6]. A t-norm is a function from [0, 1]×[0, 1]
to [0, 1] and satisfies the following conditions: for a, b, c ∈ [0, 1],
(i).

Boundary conditions
t(0, 0) = 0,
t(1, a) = t(a, 1) = a;

(ii).

Monotonicity
(a ≤ c, b ≤ d) =⇒ t(a, b) ≤ t(c, d);

(iii).

Symmetry
t(a, b) = t(b, a);

(iv).

Associativity
t(a, t(b, c)) = t(t(a, b), c)).

For clarity, some of the conditions are explicitly listed, although they can be
obtained from other conditions. For example, the symmetry implies t(1, a) =
t(a, 1). We only need either t(a, 1) = a or t(1, a) = a. The condition t(0, 0) = 0
follows from t(1, a) = a, the symmetry and the monotonicity. The boundary
conditions ensure that a t-norm reduces to standard set intersection when only
crisp sets are involved. The monotonicity suggests that fuzzy set intersection
keep the monotonicity of set intersection with respect to set inclusion. Another
version of monotonicity is given by b ≤ c =⇒ t(a, b) ≤ t(a, c).

Some commonly used t-norms are tb (a, b) = max(0, a + b − 1), tmin (a, b) =
min(a, b), the product operator tp (a, b) = ab, and tw defined by boundary conditions and tw (a, b) = 0, ∀(a, b) ∈ [0, 1) × [0, 1). These t-norms are related by
inequality [1, 6]:
tw (a, b) ≤ tb (a, b) ≤ tp (a, b) ≤ tmin (a, b).

(3)

Moreover, any t-norm is bounded by tw and tmin , i.e.,
tw (a, b) ≤ t(a, b) ≤ tmin (a, b).

(4)

It provides the bounds of the membership values of the intersection of two fuzzy
sets.
Suppose n : [0, 1] −→ [0, 1] is an operator called negation. With respect to a
negation operator, the dual of a t-norm is given by n(t(n(a), n(b))) and called a
t-conorm, which is a function s mapping [0, 1] × [0, 1] to [0, 1] and satisfying the
boundary conditions:
(i0 ). Boundary conditions
s(1, 1) = 1,
s(a, 0) = s(0, a) = a,
and conditions of monotonicity, symmetry, and associativity. Suppose the negation operator is defined by n(a) = 1 − a. The t-conorm s corresponding to a
t-norm t is given by:
s(a, b) = n(t(n(a), n(b)))
= 1 − t(1 − a, 1 − b).

(5)

The t-conorms of tmin , tp and tb are smax (a, b) = max(a, b), sp (a, b) = a + b − ab,
and sb (a, b) = min(1, a + b), respectively. The t-conorm corresponding to tw
is given by the boundary conditions and sw (a, b) = 1, ∀(a, b) ∈ (0, 1] × (0, 1].
Similarly, we have:
smax (a, b) ≤ sp (a, b) ≤ sb (a, b) ≤ sw (a, b).

(6)

Any t-conorm is bounded by smax and sw :
smax (a, b) ≤ s(a, b) ≤ sw (a, b).

(7)

It provides the bounds of the membership values of the union of two fuzzy sets.
Combining with equation (4), we have:
t(a, b) ≤ min(a, b) ≤ max(a, b) ≤ s(a, b),

(8)

which expresses the connection between fuzzy set intersection and union.
Let t and s be a pair of t-norm and t-conorm. We define fuzzy set intersection
and union component-wise by:
µA∩B (x) = t(µA (x), µB (x)),
µA∪B (x) = s(µA (x), µB (x)).

(9)

An important feature of fuzzy set operators as defined by t-norms and t-conorms
is that they are truth-functional operators. In other words, membership functions
of complement, intersection, and union of fuzzy sets are defined based solely on
the membership functions of the fuzzy sets involved [14].
2.2

Qualitative characterization of fuzzy sets

Although the conditions on t-norms and t-conorms are expressed in quantitative
forms, they are of qualitative nature that characterize a large class of functions.
From t-norms, one can easily obtain the following qualitative conditions:
(I).

Boundary conditions
µ∅∩∅ = ∅,
µU∩A = µA∩U = µA ,

(II).

Monotonicity
[µA ⊆ µC , µB ⊆ µD ] =⇒ µA∩B ⊆ µC∩D ,

(III).

Commutativity
µA∩B = µB∩A ,

(IV).

Associativity
µ(A∩B)∩C = µA∩(B∩C) .

For the t-conorms, we have:
(I0 ).

Boundary conditions
µU∪U = U,

0

(II ).
0

(III ).
0

(IV ).

µ∅∪A = µA∪∅ = µA ,
Monotonicity
[µA ⊆ µC , µB ⊆ µD ] =⇒ µA∪B ⊆ µC∪D ,
Commutativity
µA∪B = µB∪A ,
Associativity
µ(A∪B)∪C = µA∪(B∪C) .

Compared with the quantitative conditions on t-norms and t-conorms, the qualitative properties are easier to interpret. By the boundary conditions and monotonicity, we have:
µA∩B ⊆ µA ⊆ µA∪B ,
(10)
which corresponds to the quantitative condition in equation (8).
The qualitative conditions are much weaker than the quantitative conditions.
Under the qualitative conditions, fuzzy set intersection does not have to be truthfunctional. If we assume the truth-functionality of fuzzy set operators, we can
obtain the quantitative properties from the qualitative ones.

The concepts of core and support have been introduced and used as approximations of a fuzzy set [6]. The core of a fuzzy set A is a crisp subset of U
consisting of elements with full membership:
core(µA ) = {x ∈ U | µA (x) = 1}.

(11)

The support is a crisp subset of U consisting of elements with non-zero membership:
support(µA ) = {x ∈ U | µA (x) > 0}.
(12)
With 1 − (·) as fuzzy set complement, and a pair of dual t-norm and t-conorm
as fuzzy set intersection and union, the following properties hold:
(F1)

core(µA ) = ¬(support(µ¬A )),

(F2)

support(µA ) = ¬(core(µ¬A )),
core(µA∩B ) = core(µA ) ∩ core(µB ),

(F3)

support(µA∩B ) ⊆ support(µA ) ∩ support(µB ),
core(µA∪B ) ⊇ core(µA ) ∪ core(µB ),

(F4)

support(µA∪B ) = support(µA ) ∪ support(µB ),
core(µA ) ⊆ µA ⊆ support(µA ).

Property (F1) easily follows from the definition of negation operator n(a) = 1−a.
The core of a fuzzy set is the complement of the support of the complement of
the fuzzy set, and vice versa. Properties (F2) and (F3) follow from the properties
of t-norm and t-conorm. The core of fuzzy set intersection can be obtained from
the intersection of the cores of two fuzzy sets, and the support of fuzzy set union
can be obtained from the union of the supports of two fuzzy sets. However,
the support of fuzzy set intersection and the core of fuzzy set union cannot be
thus obtained. Property (F4) suggests that a fuzzy set lies within its core and
support.
By the boundary conditions of t-norms and t-conorms, we have:
(support(µA ) ∩ core(µB )) ∪ (core(µA ) ∩ support(µB )) ⊆ support(µA∩B ),
core(µA∪B ) ⊆ (support(µA ) ∪ core(µB )) ∩ (core(µA ) ∪ support(µB )).
When the min-max system, or the (tp , sp ) system, is used, the subset relationships become equality in (F2) and (F3), namely:
(F20 )
0

(F3 )

support(µA∩B ) = support(µA ) ∩ support(µB ),
core(µA∪B ) = core(µA ) ∪ core(µB ).

In order to have properties (F20 ) and (F30 ), we need the following additional
properties on t-norms and t-conorms:
(v).

[a 6= 0, b 6= 0] =⇒ t(a, b) 6= 0;

0

[a 6= 1, b 6= 1] =⇒ s(a, b) 6= 1.

(v ).

Unlike the standard properties of t-norms and t-conorms, they cannot be easily
expressed in qualitative terms.

3

A Semantic Framework for Fuzzy Sets

In the previous discussion, we focused on the qualitative properties of fuzzy set
theory. Successful applications of fuzzy sets depend on, to a large extent, the
interpretations of various notions of the theory. In this section, we present a
semantic framework for the interpretation of fuzzy membership values, which is
closely related to rough set theory [18].
When applying the theory of fuzzy sets, we do not deal with an abstract
notion of sets. More often than not, the referential set U contains objects relevant to a particular problem. Furthermore, we must have some information or
knowledge about the objects under consideration. Such knowledge enables us
to derive a more concrete and operational theory of fuzzy sets. Within the restricted theory, it is possible to discuss semantic interpretations of membership
values.
In order to build a semantic framework for fuzzy sets, we consider the following two levels of knowledge about the universe:
Representations of objects: It is assumed that elements of the universe U
are not abstract entities, but physical objects described in terms of a set
of attributes, properties or features. We perceive these objects through
their features.
Relationships between objects: It is assumed that the available knowledge and information is sufficient for us to construct a certain structure
on the universe U . That is, U contains related and interconnected, rather
than isolated, elements.
The two assumptions are reasonable. For solving any real world problem, we
must have at least some information about the objects under consideration.
We should be able to observe, measure, or describe the objects based on their
properties. The fact that we consider a set of objects U together implies that
they must be somehow related.
At a more concrete level, we assume that each attribute has a set of values.
One can observe certain relationships between attribute values. For example,
one can use the trivial equality relation. From the first level knowledge, we can
build the second level knowledge. The theory of rough set is developed based on
the two levels of knowledge [8]. The first level of knowledge is represented by an
information table. The second level of knowledge is represented by an equivalence
relation on the universe. The equivalence relation on U can be defined with
respect to an information table.
Let K represent the available information and knowledge about the universe.
In contrast to the abstract fuzzy set theory, we consider the pair (U, K) in an
operational fuzzy set theory. The knowledge K provides a basis for the definition of fuzzy sets and fuzzy set-theoretic operators. More specifically, we are
interested in a constructive theory of fuzzy sets, in which fuzzy sets are explicitly
constructed based on the knowledge K. A similar structure is used by Zhang and
Zhang for the study of a granular computing approach for problem solving [25].

A constructive fuzzy set theory uses a triplet (U, K, M ), where M refers to a
method by which fuzzy sets are constructed. Since the construction of fuzzy
sets is an inseparatable part of the theory, one can easily provide a semantic
interpretation of fuzzy sets.
In the rest of this chapter, the proposed semantic framework is used to interpret fuzzy sets in rough set theory. The knowledge K is given in terms of
equivalence relations (partitions), non-equivalence relations, and coverings of U .
The method M is discussed according to different types of knowledge. This may
provide a possible solution to a fundamental difficulty with fuzzy set theory
regarding semantic interpretations of fuzzy membership values.

4

Classical Rough Membership Functions and Rough Set
Approximations

The notion of indiscernibility provides a formal way to describe the relationships
between elements of a universe. Two elements are said to be indiscernible, indistinguishable, or equivalent if one cannot differentiate them based on the available
information or knowledge. The theory of rough sets is a model of uncertainty
developed based on the notion of indiscernibility [7, 14, 16].
4.1

Rough membership functions

Let E ⊆ U × U be an equivalence relation on a finite and non-empty universe
U . That is, E is reflexive, symmetric, and transitive. The relation E induces a
partition U/E of the universe U , i.e., a family of disjoint subsets of the universe
known as equivalence classes. The equivalence relation represents the available
knowledge about the universe. In the presence of indiscernibility, we are forced
to consider an equivalence class as a whole instead of individuals. It is therefore expected that any model of uncertainty should take into consideration the
equivalence or indiscernibility of elements.
The pair, apr = (U, E), is called an approximation space. An element x ∈ U
belongs to one and only one equivalence class. Let
[x]E = {y | xEy},

(13)

denote the equivalence class containing x. For a subset A ⊆ U , we define a rough
membership function [9, 11, 21]:
µA (x) =

|[x]E ∩ A|
,
|[x]E |

(14)

where |·| denotes the cardinality of a set. The rough membership value µA (x) may
be interpreted as the conditional probability that an arbitrary element belongs
to A given that the element belongs to [x]E . The set A is called a generating set
of the rough membership µA .

Rough membership functions may be interpreted as fuzzy membership functions in terms of the probabilities defined simply by the cardinalities of sets.
With this interpretation, one can define at most 2|U| fuzzy sets. Two distinct
subsets of U may derive the same rough membership function. By definition, the
membership values are all rational numbers.
The theory of fuzzy sets is typically developed as an uninterpreted mathematical theory of abstract membership functions without the above limitations [6].
In contrast, the theory of rough set provides a more specific and more concrete interpretation of fuzzy membership functions. The source of the fuzziness
in describing a concept is the indiscernibility of elements. The limitations and
constraints of such an interpreted sub-theory should not be viewed as the disadvantages of the theory. In fact, such constraints suggest conditions that can
be verified when applying the theory to real world problems. It might be more
instructive and informative if one knows that a certain theory cannot be applied.
Explicit statements of conditions under which a particular model is applicable
may prevent misuses of the theory.
When interpreting fuzzy membership functions in the theory of rough sets,
we have the constraints:
(rm1)
(rm2)

µU (x) = 1,
µ∅ (x) = 0,

(rm3)

xEy =⇒ µA (x) = µA (y),

(rm4)

x ∈ A =⇒ µA (x) 6= 0
µA (x) = 0 =⇒ x 6∈ A,

(rm5)

µA (x) = 1 =⇒ x ∈ A,
x 6∈ A =⇒ µA (x) 6= 1,

(rm6)

A ⊆ B =⇒ µA (x) ≤ µB (x).

Property (rm3) is particularly important. It shows one type of constraints on
membership values. Elements in the same equivalence class must have the same
degree of membership. That is, indiscernible elements should have the same
membership value. Such a constraint, which ties the membership values of individual elements according to their connections, is intuitively appealing. The
two properties in (rm4) are equivalent. An element in A must have a non-zero
membership, while an element with zero membership cannot be in A. Similarly,
properties in (rm5) state that an element with full membership must be in A,
and an element not in A cannot have a full membership. Property (rm6) shows
another type of constraints on membership values. A subset of a set generates a
fuzzy subset of the corresponding fuzzy set generated by that set.
The constraints on rough membership functions have significant implications
on rough set-theoretic operators. Rough membership functions corresponding
to ¬A, A ∩ B, and A ∪ B must be defined using set-theoretic operators and
equation (14). By laws of probability, we have:
(o1)

µ¬A (x) = 1 − µA (x),

(o2)

µA∪B (x) = µA (x) + µB (x) − µA∩B (x),

(o3)

A ∩ B = ∅ =⇒ µA∪B (x) = µA (x) + µB (x),
max(0, µA (x) + µB (x) − 1) ≤ µA∩B (x) ≤ min(µA (x), µB (x)),

(o4)

max(µA (x), µB (x)) ≤ µA∪B (x) ≤ min(1, µA (x) + µB (x)).

Unlike the commonly used fuzzy set operators as typically defined by t-norms and
t-conorms, the new intersection and union operators are non-truth-functional.
That is, it is impossible to obtain rough membership functions of A ∩ B and
A ∪ B based solely on the rough membership functions of A and B. One must
also consider their overlap and their relationships to the equivalence class [x]E .
By property (o2), we have the following formula to calculate the membership
function of a set:
X
µA (x) =
µ{y} (x).
(15)
y∈A

Thus, rough membership functions corresponding to singleton subsets of U play
an important role. They serve as a basis of rough membership functions generated by non-singleton subsets.
4.2

Rough set approximations and approximation operators

In an approximation space, a subset A ⊆ U is approximated by a pair of sets
called the lower and upper approximations [9]:
apr(A) = {x ∈ U | µA (x) = 1}
= core(µA ),
apr(A) = {x ∈ U | µA (x) > 0}
= support(µA ).

(16)

They are indeed the core and support of the fuzzy set µA .
The lower and upper approximations may be viewed as two operators from
2U to 2U , where 2U is the power set of U . The system (2U , ¬, ∩, ∪, apr, apr)
is called a rough set algebra [13]. It may be considered as the Boolean algebra
(2U , ¬, ∩, ∪) with two added unary operators apr and apr. One can verify that
the approximation operators satisfy the following conditions: for subsets A, B ⊆
U,
(R1)

apr(A) = ¬(apr(¬A)),

(R2)

apr(A) = ¬(apr(¬A)),
apr(A ∩ B) = apr(A) ∩ apr(B),

(R3)

apr(A ∩ B) ⊆ apr(A) ∩ apr(B),
apr(A ∪ B) ⊇ apr(A) ∪ apr(B),

(R4)

apr(A ∪ B) = apr(A) ∪ apr(B),
apr(A) ⊆ A ⊆ apr(A),

Property (R1) suggests that approximation operators are a pair of dual operators. By (R2) and (R3), the lower approximation operator is distributive over
set intersection, and the upper approximation operators is distributive over set
union. By comparing with (F1)-(F4), we can see that rough set approximation
operators satisfy the same properties of core and support of fuzzy sets. In other
words, fuzzy sets in general and fuzzy sets defined in rough set theory share the
same qualitative characteristics.
Rough set approximations can be re-expressed in the following equivalent
forms:

apr(A) = {x ∈ U | [x]E ⊆ A}
= {x ∈ U | ∀y ∈ U (xEy =⇒ y ∈ A)},
[
= {[x]E | [x]E ⊆ A},
apr(A) = {x ∈ U | [x]E ∩ A 6= ∅}
= {x ∈ U | ∃y ∈ U (xEy, y ∈ A)}
[
= {[x]E | [x]E ∩ A 6= ∅}.

(17)

They represent two additional definitions of rough set approximations [19]. The
element based definition focuses on single elements of U . An element x ∈ U
is in the lower approximation, i.e., µA (x) = 1, if and only if for all y ∈ U ,
xEy implies y ∈ A. An element x ∈ U is in the upper approximation, i.e.,
µA (x) 6= 0, if and only if there exists a y ∈ U such that xEy and y ∈ A. This
definition clearly relates rough set theory to modal logic [20]. It is useful in the
generalization of rough sets using non-equivalence relations. On the other hand,
the equivalence class (granule) based definition focuses on equivalence classes
of the partition U/E. The lower approximation apr(A) is the union of those
equivalence classes which are subsets of A. The upper approximation apr(A) is
the union of those equivalence classes which have non-empty intersections with
A. This definition is useful when generalizing rough sets using coverings of the
universe. The equivalence of the two definitions can be seen from property (rm3),
namely, elements in the same equivalence class have the same membership.
Rough membership functions describe a particular type of fuzziness induced
by indiscernibility of elements. In an approximation space apr = (U, E), a set
is referred to as non-fuzzy if it generates a crisp subset of U . More specifically,
a set is non-fuzzy if apr(A) = A = apr(A). In other words, a subset A of U is
non-fuzzy if the indiscernibility does not lead to fuzziness in our perception of
A. The empty set, the equivalence classes, and unions of equivalence classes are
non-fuzzy. The set of non-fuzzy sets, denoted by Def (U ), consists of ∅ and U ,
and is closed under ¬, ∩ and ∪. That is, Def (U ) is a sub-Boolean algebra of
2U . All other subsets of U induce non-crisp fuzzy sets. By the equivalence class
based definition, both µapr(A) and µapr(A) are crisp sets apr(A) and apr(A).

4.3

Main features of the rough set based semantics of fuzzy sets

From the proposed semantic interpretation of fuzzy sets in the theory of rough
sets, one can observe several important features. They are important for understanding the semantics of fuzzy sets. They are summarized below.
Fuzzy sets as a derived notion. Fuzzy sets are not treated as the primitive
notion, but a derived notion. In particular, a fuzzy set is generated by a crisp
set using an equivalence relation. By treating fuzzy sets as a derived notion,
one is able to develop different semantics of fuzzy sets. Other primitive notions, which have sound semantic interpretations, can be used to define fuzzy
sets. In rough set theory, the notion of equivalence relations can be easily
defined and explained using an information table [8].
Representation of the source of fuzziness. The indiscernibility, represented by an equivalence relation, is the source of fuzziness in rough set
theory. With respect to indiscernibility, some subsets of the universe cannot be precisely described, and are consequently described by fuzzy subsets.
By explicitly defining the source and the form of fuzziness, we have a clear
understanding of the meaning of fuzzy sets. Furthermore, even under the indiscernibility of elements, certain subsets of the universe are non-fuzzy. The
distinction made between fuzzy and non-fuzzy subsets may provide more
insights to the semantics of fuzzy sets.
Qualitative representation of fuzzy sets. The core and support are qualitative representations of a fuzzy set. In rough set theory, the core and support
are referred to as the lower and upper approximations of a set. Although
fuzzy sets defined in rough set theory are a special class of fuzzy sets, they
share the same qualitative properties of any fuzzy set system defined by a
pair of dual t-norm and t-conorm. This implies that the semantics of fuzzy
sets presented here is not as restricted as it appears.
Constraints on fuzzy membership functions. The proposed semantics of
fuzzy sets clearly shows two types of constraints on fuzzy membership functions. One type of constraints suggests that the membership values of two
related elements are related. The other type of constraints suggests that fuzzy
membership functions generated from two related sets (concepts) should be
related. It should also be pointed out that the constraints on fuzzy membership functions are of a qualitative nature.
Constraints on fuzzy set-theoretic operators. Within rough set theory,
there are constraints on fuzzy set-theoretic operators. It is clearly shown that
fuzzy set-theoretic operators are not truth-functional.
Our discussions rely on a qualitative characterization of fuzzy sets. Rough set
approximations are core and support of fuzzy sets. The t-norms and t-conorms
deal with qualitative requirements on fuzzy set-theoretic operators. The qualitative semantic interpretation of fuzzy sets may provide more insights into the
theory of fuzzy sets.

5

Generalized Rough Sets by Non-equivalence Relations

Standard rough sets are defined based on an equivalence relation, i.e., a reflexive,
symmetric and transitive relation, on a finite and non-empty universe [7]. Yao et
al. considered generalized rough sets based on an arbitrary binary relation [13,
20].
5.1

Binary relations

Let R ⊆ U × U be a binary relation on a finite and non-empty universe U . For
two elements x, y ∈ U , if xRy, we say that x is R-related to y. Let
Rs (x) = {y ∈ U | xRy},
Rp (x) = {y ∈ U | yRx},

(18)

denote the successor and the predecessor neighborhoods of x induced by the
binary relation R. Additional neighborhoods defined by a binary relation have
also been studied [12, 17].
Different classes of binary relations can be obtained by considering the following properties:
∀x ∈ U ∃y ∈ U [xRy],
∀x ∈ U [Rs (x) 6= ∅],
inverse serial : ∀x ∈ U ∃y ∈ U [yRx],
∀x ∈ U [Rp (x) 6= ∅],
reflexive :
∀x ∈ U [xRx],
∀x ∈ U [x ∈ Rs (x)],
symmetric : ∀x, y ∈ U [xRy =⇒ yRx],
∀x, y ∈ U [y ∈ Rs (x) =⇒ x ∈ Rs (y)],
transitive :
∀x, y, z ∈ U [(xRy, yRz) =⇒ xRz],
∀x, y ∈ U [y ∈ Rs (x) =⇒ Rs (y) ⊆ Rs (x)],
Euclidean :
∀x, y, z ∈ U [(xRy, xRz) =⇒ yRz],
∀x, y ∈ U [y ∈ Rs (x) =⇒ Rs (x) ⊆ Rs (y)].
serial :

A relation is called a tolerance (compatibility) relation if it is reflexive and
symmetric.
From a binary relation R, we can define four binary relations:
x ≡R y ⇐⇒ Rs (x) = Rs (y),
x ≈R y ⇐⇒ Rs (x) ∩ Rs (y) 6= ∅
x 'R y ⇐⇒ Rp (x) = Rp (y),
x ∼R y ⇐⇒ Rp (x) ∩ Rp (y) 6= ∅.

(19)

Relations ≡R and 'R are reflexive, symmetric, and transitive, and hence are
equivalence relations. Relations ≈R and ∼R are symmetric. If R is a serial relation, then ≈R is also reflexive, and hence a tolerance relation. If R is inverse

serial, ∼R is reflexive, and hence a tolerance relation. While ≡R and 'R show
strong connections between elements of U , ≈R and ∼R show some weak connections. Two elements are considered to be equivalent if they have the same
successor (predecessor) neighborhood, and similar if their successor (predecessor)
neighborhoods have a non-empty overlap.
5.2

Rough membership functions

The pair apr = (U, R) is called an approximation space, with the relation R
representing the relationships between elements of U . One can define rough
membership functions by extending equation (14) using neighborhoods induced
by a binary relation [14]. We consider the definition based on the successor
neighborhoods. For a subset A ⊆ U , a rough membership function can be defined
by substituting [x]E with Rs (x) in equation (14) as follows:
µA (x) =

|Rs (x) ∩ A|
.
|Rs (x)|

(20)

We assume that relation R is at least serial, i.e., Rs (x) 6= ∅ for all x ∈ U . Under
this assumption, the rough membership function is well defined.
Recall that we can identify at least two types of constraints. One type suggests that membership values of related elements should be related. Another
type suggests that two rough membership functions obtained from two related
generating sets should be related. It is naturally expected that relationships
given by binary relations should impose some constraints on rough membership
functions.
For an arbitrary binary relation R, we have:
(I)

xRy ⇐⇒ µ{y} (x) 6= 0.

If the relation R is reflexive, the following condition holds:
(II)

µRs (x) (x) = 1.

They serve as basic properties for us to derive other properties of rough membership functions. Suppose the relation R is both serial and inverse serial. The
rough membership functions still satisfy (rm1), (rm2), and (rm6). Corresponding
to property (rm3), we have the following constraints:
(rm3.1)

x ≡R y =⇒ µA (x) = µA (y);

(rm3.2)

(µA (x) = 1, x ≈R y) =⇒ µA (y) 6= 0,
(µA (x) = 0, x ≈R y) =⇒ µA (y) 6= 1,

(rm3.3)
(rm3.4)

x 'R y =⇒ µ{x} (z) = µ{y} (z),
(µ{x} (z) 6= 0, ¬(x ∼R y)) =⇒ µ{y} (z) = 0.

The first two properties state one type of constraints, namely, membership values of related elements are related. According to (rm3.1), if two elements are

equivalent, in the sense defined by ≡R , then they must have the same membership value. According to (rm3.2), if an element y is similar to another element
x with full membership, in the sense defined by ≈R , then y cannot have a null
membership. Likewise, if y is similar to an element x with null membership,
then y cannot have a full membership. The last two properties show another
type of constraints, namely, rough membership functions derived from two related generating sets must be related. By (rm3.3), if x and y are equivalent, in
the sense of 'R , we can conclude that {x} and {y} generate the same rough
membership function. By (rm3.4), if z has a non-zero membership value in µ{x}
and ¬(x ∼R y), we can conclude that z must have a zero membership value in
µ{y} . That is, if x is not similar to y, x and y generate totally different rough
membership functions in the sense that whenever z has a non-zero membership
value for one, it must have the zero membership value for the other.
Rough membership values defined using an arbitrary binary relation are also
conditional probabilities. Consequently, properties (o1)-(o4) hold for rough set
operators.
5.3

Rough set approximation and approximation operators

Similar to the classical case, a pair of rough set approximations can be defined
by the core and support of µA . That is, for a set A ⊆ U , we have [13, 20]:
apr(A) = core(µA ),
= {x ∈ U | µA (x) = 1}
= {x ∈ U | Rs (x) ⊆ A}
= {x ∈ U | ∀y ∈ U (xRy =⇒ y ∈ A)},
apr(A) = support(µA )
= {x ∈ U | µA (x) > 0}
= {x ∈ U | Rs (x) ∩ A 6= ∅}
= {x ∈ U | ∃y ∈ U (xRy, y ∈ A)}.

(21)

Independent of the properties of the binary relation, they satisfy properties (R1)(R3).
Properties of a binary relation determine the properties of approximation
operators apr and apr. With respect to the serial, reflexive, symmetric, transitive
and Euclidean properties, the approximation operators have the corresponding
properties:
(D)

apr(A) ⊆ apr(A);

(T)

apr(A) ⊆ A,
A ⊆ apr(A);

(B)

A ⊆ apr(apr(A)),
apr(apr(A)) ⊆ A;

(4)

apr(A) ⊆ apr(apr(A)),

(5)

apr(apr(A)) ⊆ apr(A);
apr(A) ⊆ apr(apr(A)),
apr(apr(A)) ⊆ apr(A).

By combining properties of binary relations, we can produce more classes of
rough set models.
5.4

Classes of rough set models

With respect to properties of a binary relation, such as reflexive, symmetric,
transitive, and Euclidean, we can identify additional constraints on rough membership functions. For simplicity, we only consider constraints on membership
values with respect to the same fuzzy set. In this case, they are the re-expression
of properties (T), (B), (4) and (5) in terms of rough membership functions. Thus,
we use the same symbols to label the corresponding properties.
Reflexive model A reflexive relation is a special serial relation. In this case,
for all x ∈ U , xRx or equivalently x ∈ Rs (x). The corresponding equivalent
properties of rough membership functions can be stated as:
(T)

µ{x} (x) 6= 0;
x ∈ A =⇒ µA (x) 6= 0;
µA (x) = 1 =⇒ x ∈ A.

They are in fact the properties (rm4) and (rm5). The equivalence of the properties can be easily shown. As an example, we show the equivalence of the first and
the last properties. Assume µ{x} (x) 6= 0. By (I), we can conclude that x ∈ Rs (x).
If µA (x) = 1, we have Rs (x) ⊆ A. By combining x ∈ Rs (x) and Rs (x) ⊆ A, we
have x ∈ A. This means that the first property implies the last property. Now
assume µA (x) = 1 =⇒ x ∈ A. According to (II), we have µRs (x) (x) = 1. Thus,
x ∈ Rs (x), which implies µ{x} (x) 6= 0. We have therefore showed that the last
property implies the first property.
Symmetric model For a symmetric relation, if x ∈ Rs (y) then y ∈ Rs (x),
namely, Rp (x) = Rs (x). Relations ≡R and 'R become the same, and relations
≈R and ∼R become the same. In a symmetric model, we have the following
equivalent properties on a rough membership function:
(B)

µ{y} (x) 6= 0 =⇒ µ{x} (y) 6= 0;
[x ∈ A, xRy] =⇒ µA (y) 6= 0;
[µA (y) = 0, xRy] =⇒ x 6∈ A;
[µA (y) = 1, xRy] =⇒ x ∈ A;
[x 6∈ A, xRy] =⇒ µA (y) 6= 1.

These properties are similar, in form, to properties (rm3.2) and (rm3.4). Furthermore, they also contain conditions in (T). Property (B) states constraints on
the membership functions directly through the binary relation R. For example,
if y is R-related to an element x ∈ A, then y has a non-zero membership value in
µA . On the other hand, (rm3.2) and (rm3.4) state constraints indirectly through
R.
Transitive model For a transitive relation R, for all x, y ∈ U , if xRy, then
Rs (y) ⊆ Rs (x). For a transitive relation R, we have the connection between R
and ≈R and ∼R :
R is serial and transitive =⇒ [xRy =⇒ x ≈R y];
R is inverse serial and transitive =⇒ [xRy =⇒ x ∼R y].

(22)

In a transitive model, we have the following equivalent properties on membership
functions:
(4)

µ{y} (x) 6= 0 =⇒ µRs (x) (y) = 1;
[µA (x) = 1, xRy] =⇒ µA (y) = 1;
[µA (y) 6= 1, xRy] =⇒ µA (x) 6= 1;
[µA (x) 6= 0, yRx] =⇒ µA (y) 6= 0;
[µA (y) = 0, yRx] =⇒ µA (x) = 0.

Combining the above results with (rm3.2) and (rm3.4), we can obtain additional
properties.
Euclidean model For an Euclidean relation, for all x, y ∈ U , if xRy, then
Rs (x) ⊆ Rs (y). In this case, we have:
R is Euclidean =⇒ [xRy =⇒ x ≈R y];
R is inverse serial and Euclidean =⇒ [xRy =⇒ x ∼R y].

(23)

The following properties can be obtained:
(5)

µ{y} (x) 6= 0 =⇒ µRs (y) (x) = 1;
[µA (x) 6= 0, xRy] =⇒ µA (y) 6= 0;
[µA (y) = 0, xRy] =⇒ µA (x) = 0;
[µA (x) = 1, yRx] =⇒ µA (y) = 1;
[µA (y) 6= 1, yRx] =⇒ µA (x) 6= 1.

They can be used to infer additional properties.
Pawlak model A Pawlak model is characterized by an equivalence relation. In
this case, all four relations ≡R , ≈R , 'R and ∼R are the same as the relation
R. An equivalence relation is an Euclidean relation. Thus, all the properties
established so far hold for a Pawlak model.

6

Generalized Rough Sets based on Coverings of the
Universe

In a partition, an element belongs to one equivalence class and two distinct
equivalence classes have no overlap. Covering of the universe is a natural generalization of partitions, in which an element can be in more than one class of
a covering. This provides a more realistic model for the formulation of rough
sets [14, 24].
6.1

Coverings

A coveringSof the universe, C = {C1 , . . . , Cn }, is a family of subsets of U such
that U = {Ci | i = 1, . . . , n}. Two distinct sets in C may have a non-empty
overlap. An element may belong to more than one class in C. The family C(x) =
{C ∈ C | x ∈ C} consists of sets in C containing x. With respect to a covering,
we construct the following equivalence relation:
x ≡C y ⇐⇒ ∀C ∈ C(x ∈ C ⇐⇒ y ∈ C)
⇐⇒ C(x) = C(y).

(24)

Two elements are considered to be equivalent if they appear in the same family
of subsets in C. A tolerance relation ∼C can be defined by:
x ∼C y ⇐⇒ ∃C ∈ C(x ∈ C, y ∈ C)
⇐⇒ C(x) ∩ C(y) 6= ∅.

(25)

That is, x and y are considered to be similar if they appear together in at least
one class of the covering.
6.2

Rough membership functions

The sets in C(x) describe different types or various degrees of similarity between
elements of U . For a set C ∈ C(x), we may compute a value |C ∩ A|/|C| by
extending equation (14). It may be interpreted as the membership value of x
from the view point of C. With respect to a covering C, we have a family of
values {|C ∩ A|/|C| | x ∈ C, C ∈ C}. Generalized rough membership functions
may be defined by using this family of values. We consider the following three
definitions [22]:


|C ∩ A|
(minimum)
µA (x) = min
| x ∈ C, C ∈ C ,
(26)
|C|


|C ∩ A|
µA (x) = max
| x ∈ C, C ∈ C ,
(27)
(maximum)
|C|


|Ci ∩ A|
| x ∈ C, C ∈ C .
(28)
(average)
µ∗A (x) = avg
|Ci |

The minimum, maximum, and average definitions may be regarded as the most
permissive, the most optimistic, and a balanced view, respectively, in defining
rough membership functions. The minimum rough membership function is determined by a set in C(x) which has the smallest overlap with A, and the maximum
rough membership function by a set in C(x) which has the largest overlap with
A. The average rough membership function depends on every set in C(x).
The generalized rough membership functions have the following properties:
(grm0) µA (x) ≤ µ∗A (x) ≤ µA (x),

(grm1) µU (x) = µ∗U (x) = µU (x) = 1,
(grm2) µ∅ (x) = µ∗∅ (x) = µ∅ (x) = 0,
(grm3) x ≡C y =⇒ [µA (x) = µA (y), µ∗A (x) = µ∗A (y), µA (x) = µA (y)],
(grm4) (x ∼C y, µA (x) = 1) =⇒ µA (y) = 1,
(x ∼C y, µA (x) = 0) =⇒ µA (y) = 0,
(x ∼C y, µA (x) = 0) =⇒ µ∗A (y) 6= 1,

(x ∼C y, µA (x) = 1) =⇒ µ∗A (y) 6= 0,
(grm5) x ∈ A =⇒ µA (x) 6= 0,
µA (x) = 0 =⇒ x 6∈ A,
x ∈ A =⇒ µA (x) 6= 0,
µA (x) = 0 =⇒ x 6∈ A,
(grm6) µA (x) = 1 =⇒ x ∈ A,
x 6∈ A =⇒ µA (x) 6= 1,
µA (x) = 1 =⇒ x ∈ A,
x 6∈ A =⇒ µA (x) 6= 1,
(grm7) A ⊆ B =⇒ µA (x) ≤ µB (x),
A ⊆ B =⇒ µA (x) ≤ µB (x).
Property (grm0) states the relationship between three membership functions.
A partition is a special type of covering. In this case, three rough membership
functions reduce to the same rough membership function. Properties (grm1)
and (grm2) show the membership values of two special sets, the empty set ∅
and the entire set U . Both (grm3) and (grm4) show the constraints on rough
membership functions imposed by the similarity of objects. From the relation
µA (x) ≤ µ∗A (x) ≤ µA (x), we can obtain additional properties. For example,
(grm5) implies that x ∈ A =⇒ µ∗A (x) 6= 0. Similarly, (grm6) implies that
µ∗A (x) = 1 =⇒ x ∈ A.
For set-theoretic operators, one can verify the following properties:
µ¬A (x) = 1 − µA (x),
µ¬A (x) = 1 − µA (x),

µ∗¬A (x) = 1 − µ∗A (x),
max(0, µA (x) + µB (x) − µA∪B (x)) ≤ µA∩B (x) ≤ min(µA (x), µB (x)),

max(µA (x), µB (x)) ≤ µA∪B (x) ≤ min(1, µA (x) + µB (x) − µA∩B (x)),
µ∗A∩B (x) = µ∗A (x) + µ∗B (x) − µ∗A∪B (x).

(29)

We again obtain non-truth-functional rough set operators.
The minimum rough membership function may be viewed as the lower bound
on all possible rough membership functions definable using a covering, while the
maximum rough membership as the upper bound. The pair (µA (x), µA (x)) may
also be used to define an interval-valued fuzzy set [6]. The interval [µA (x), µA (x)]
is the membership value of x with respect to A.

6.3

Rough set approximations and approximation operators

From the three rough membership functions, we define three pairs of lower and
upper approximations. For the minimum definition, we have:
aprm (A) = core(µA )
= {x ∈ U | µA (x) = 1}
= {x ∈ U | ∀C ∈ C(x ∈ C =⇒ C ⊆ A)},
aprm (A) = support(µA )
= {x ∈ U | µA (x) > 0}
= {x ∈ U | ∀C ∈ C(x ∈ C =⇒ C ∩ A 6= ∅)}.

(30)

For the maximum definition, we have:
aprM (A) = core(µA )
= {x ∈ U | µA (x) = 1}
= {x ∈ U | ∃C ∈ C(x ∈ C, C ⊆ A)},
[
= {C ∈ C | C ⊆ A},

aprM (A) = support(µA )
= {x ∈ U | µA (x) > 0}

= {x ∈ U | ∃C ∈ C(x ∈ C, C ∩ A 6= ∅)}
[
= {C ∈ C | C ∩ A 6= ∅}.

(31)

The lower and upper approximations in each pair are no longer dual operators.
However, (apr m , apr M ) and (apr M , aprm ) are two pairs of dual operators. The
first pair can be derived from the average definition, namely:
apr ∗ (A) = apr m (A),

apr ∗ (A) = apr M (A).

(32)

These approximation operators have been studied extensively in rough set theory. Their connections and properties can be found in a recent paper by Yao [17].

7

Conclusion

By applying the techniques used in the study of rough sets, we propose a semantic
framework for fuzzy sets. Two salient features of the proposed framework are
the consideration of knowledge about the universe and the incorporation of a
method for constructing fuzzy sets. This leads to a constructive fuzzy set theory,
where fuzzy sets are explicitly constructed and interpreted.
Our examination of fuzzy sets and rough sets suggests that both theories
share the same qualitative properties. The lower and upper approximations of
rough set theory correspond to the core and support of fuzzy set theory. Several methods are suggested for the construction of fuzzy sets, depending on the
available knowledge. Fuzzy membership functions are defined and interpreted in
classical and generalized rough set models.
The connections established between the two theories may enhance our understanding of each theory. The results may provide a possible solution to a
fundamental difficulty with fuzzy set theory regarding the semantic interpretations of fuzzy membership values.
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