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Abstract. This paper establishes an upper bound on the size of a con-
cept class with given recursive teaching dimension (RTD, a teaching com-
plexity parameter.) The upper bound coincides with Sauer’s well-known
bound on classes with a fixed VC-dimension. Our result thus supports
the recently emerging conjecture that the combinatorics of VC-dimension
and those of teaching complexity are intrinsically interlinked.

We further introduce and study RTD-maximum classes (whose size meets
the upper bound) and RTD-maximal classes (whose RTD increases if a
concept is added to them), showing similarities but also differences to
the corresponding notions for VC-dimension.

Another contribution is a set of new results on maximal classes of a given
VC-dimension.

Methodologically, our contribution is the successful application of alge-
braic techniques, which we use to obtain a purely algebraic characteri-
zation of teaching sets (sample sets that uniquely identify a concept in a
given concept class) and to prove our analog of Sauer’s bound for RTD.
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1 Introduction

An important combinatorial result, proven by Sauer [7] and independently by
Shelah [8], states that the size of any concept class of Vapnik-Chervonenkis
dimension (VC-dimension, [11]) d is at most Z?:o ("), where m is the number
of instances the concept class is defined over.

In Computational Learning Theory, this bound (typically called Sauer’s
bound) has proven helpful—if not essential—for a variety of studies, most no-
tably for the definition and analysis of maximum classes. A concept class of
VC-dimension d over a finite instance space X is maximum, if its size meets
Sauer’s bound.! Maximum classes exhibit a number of interesting structural
properties, e.g., their complements as well as their restrictions to subsets of the
instance space are maximum [6,12]. These structural properties have remark-
able implications. For example, maximum classes form one of the few general
cases of concept classes known to have labeled and unlabeled sample compression

! In this paper, we restrict ourselves to finite instance spaces.



schemes of the size of their VC-dimension [3, 5]. Moreover, the recursive teaching
dimension (RTD, a complexity parameter of the recently introduced recursive
teaching model [13]) of any maximum class equals its VC-dimension [2].

Recent work [2] indicates connections between the VC-dimension and the
RTD; besides maximum classes, several other types of concept classes are shown
to have an RTD upper-bounded by their VC-dimension. An open question is
whether or not the RTD has an upper bound linear in the VC-dimension. Thus
recursive teaching is the only model known so far that could potentially establish
a close connection between the complexity of learning from a teacher and the
complexity of learning from randomly chosen examples (the VC-dimension being
an essential complexity parameter for the latter).

This paper establishes a further connection between RTD and VC-dimension:
its main result is an analog of Sauer’s bound for RTD. We prove that the size
of any concept class of RTD r is at most Y ; ('?), where m is the size of the
instance space. This new evidence of a strong connection between learning from
a teacher and learning from randomly chosen examples suggests that the study
of the recursive teaching dimension deserves more attention. Our result is proven
using algebraic methods, which first provide us with a purely algebraic charac-
terization of teaching sets. A teaching set for a concept ¢ in a concept class C
is a set of labeled examples that is consistent with ¢ but with no other concept
in C; thus it uniquely identifies ¢ in C. Our algebraic characterization of teach-
ing sets, a second highlight of this paper, is the main ingredient of our proof of
Sauer’s bound for RTD, but it may be of independent interest. In particular,
the algebraic techniques applied here may provide new proof ideas for combina-
torial studies in Computational Learning Theory, e.g., we give an example for
an alternative proof to Kuzmin and Warmuth’s result that maximum classes are
shortest-path-closed [5]. Previously, methods from algebra yielded an alternative
proof of Sauer’s bound for the VC-dimension [10].

Our Sauer-type bound for RTD naturally allows us to define and study the
concept of RTD-mazimum classes—classes whose size meets the upper bound.
To distinguish RTD-maximum classes from maximum classes in the original
sense, we refer to the latter as VCD-mazimum classes. Although every VCD-
maximum class is shown to be RTD-maximum, RTD-maximum classes turn
out to exhibit slightly different properties. For example, their complements are
not necessarily RTD-maximum. We further study RTD-mazimal classes—classes
whose RTD increases if any new concept is added to them. Such classes are not
necessarily RTD-maximum.

In studying RTD-maximum and RTD-maximal classes, we discover some new
interesting properties of VCD-maximal classes. In particular, we provide bounds
on the size of VCD-maximal classes, shown in the appendix.

2 Preliminaries

Let X be a finite set, called instance space. Elements of X are called instances.
A concept on X is a subset of X. Each concept c¢ is identified with a function



c(z) defined as follows: ¢(z) = 1if € c and ¢(x) = 0 if x ¢ ¢. For £ € {0,1}, ¢
is defined as £ =1 — /.

A concept class C on X is a set of concepts on X, that is, C C 2%. C
denotes the complement of C. For Y C X let C|y denote the restriction of C
to Y, that is, Cly = {¢NY : ¢ € C}. Similarly, ¢|y means ¢cNY. To simplify
notation, the restriction C|x\ ) will be also denoted as C' — x, and ¢|x\ {5} will
be denoted as ¢— . The reduction of C toY is defined as CY = {cCY: cUd €
C for all ¢ C X\Y}. In other words, ¢ € CY if and only if all possible extensions
of the concept ¢ from Y to X belong to C. If X; and X5 are two disjoint instance
spaces, C; C 2% and Cy C 2X2, then the direct product of Cy and Cs is a concept
class on X7 U X defined as C; x Co = {c1 Ucy 1 ¢1 € Cy and ¢y € Ca}. If the
class C contains only a single concept and Cy = 2%2, then the class C; x Cs is
called a cube. If | X5| = d, then such a cube is called a d-dimensional cube (or
d-cube for short).

A set S C X is shattered by the class C if C|s = 2°. The VC-dimension
of a class C is defined as VCD(C) = max{|S| : S is shattered by C} [11]. Let
Dy(m) = Z(ij:O (™). Sauer’s lemma states that if VCD(C) = d, then |C| <
Pq(|1X|) [7,8]. Let VCD(C) = d; then C is called VCD-mazimum if |C] =
D4(]X|), that is, if the size of C' matches the upper bound from Sauer’s lemma
(cf. [12]). A class is called mazimal with respect to VC-dimension (or VCD-
mazimal) if adding any new concept to the class increases its VC-dimension.

A labeled example is a pair (x,£), where z € X and ¢ € {0,1}. For a set S of
labeled examples, X (.S) denotes X (S) = {z € X : (z,¢) € S for some ¢}. A set
S of labeled examples is a teaching set for a concept ¢ in a class C, if ¢ is the
only concept from C which is consistent with S. For simplicity, we then also call
X (S) a teaching set since the labels of examples from S are uniquely determined
by X (S) and c. The collection of all teaching sets for ¢ in C' is denoted TS(c, C).

The teaching dimension of ¢in C'is TD(c, C) = min{|S| : S € TS(¢,C)}. The
teaching dimension of C is defined as TD(C) = max.cc TD(¢, C) [4,9]. We will
also refer to the minimal teaching dimension TD,,;, (C') = min.ec TD(c, C).

The following definitions are based on [2,13]. A teaching plan for a concept
class C is a sequence P = ((¢1,51),...,(¢n,Sn)), where C' = {c1,...,¢,} and
S; € TS(ei, {ciy...,cn}) forall i =1,...,n. The order of the teaching plan P is
ord(P) = max;=1,... » |Si|- The recursive teaching dimension of C is

RTD(C) = min{ord(P) : P is a teaching plan for C'}.

For a teaching plan P = ((¢1,51),...,(cn,Sn)) of C whose order is equal to
RTD(C), the set S; is called a recursive teaching set for ¢; in C' with respect
to the plan P, and |S;| is called the recursive teaching dimension of ¢; in C
with respect to the plan P, denoted RTD(¢;, C). The words “with respect to the
plan P” may be omitted if there is no ambiguity. We will also use the notation
RTD*(C) =maxx/cx RTD(C|X/)

The RTD has the following properties [2,13]:

— RTD is monotonic, i.e, RTD(C’") < RTD(C) whenever C' C C.



— RTD equals the order of any canonical teaching plan, i.e., a teaching plan
((e1,51), -+, (cn, Sp)) with |S;| = TDyin({ciy ... cn}) foralli=1,....n
- RTD(C) maxc/cc Tszn(C )

3 Algebraic characterization of teaching sets

In this section we give an algebraic characterization of the teaching sets for a
concept ¢ in a concept class C. Let X = {x1,...,z,,} be a finite instance space,
and let C = {cy,...,¢,} be a concept class on X. Consider a vector space F4 of
dimension n over the field Fy (i.e., the field consisting of 2 elements). For each
polynomial f(x1,...,x,;) with variables from X and coefficients from Fa, we
define a vector f = (f1,..., fn) from F as follows

fi=flei(z1),...,ci(zy)) fori=1,...,n.

Note that we use the same notation for a polynomial and a vector. We also asso-
ciate each concept ¢; € C with the ith standard basis vector ¢; = (0,...,1,...,0)
of F§. Again, we are using the same notation for a concept and a vector. This
should not cause confusion as the exact meaning of such notation will be clear
from the context. For instance, by “the vector xz2” we mean the vector in Fy
that corresponds to the polynomial 5. Similarly, an equality like ¢ = f(x1, z2)
should be interpreted as the equality between two vectors, the one corresponding
to the concept ¢ and the one corresponding to the polynomial f(z1,xz2).
To illustrate these notations, let us consider the following concept class:

ZT1|T2|X
C1 0
C2 1
C3 0

w

Rl
el Bl =)

In this class, 1 = (0,1,0), 2o = (1,0,1), =
(1,1,1). In our notations, ¢; = (1,0,0), c2
have z1 + 2o =1, 2120 =0, ¢c1 = x3+ 1, 2223

(0,1,1), 0 = (0,0,0) and 1 =
,1 0) and ¢z = (0,0,1). So we
(070, 1) and hence c3 = zaxs.

IIBH

The following theorem provides an algebraic description of teaching sets.

Theorem 1. Let C = {ci,...,c,} C 2%. A set of instances {z1,...,21.} C X
is a teaching set for a concept ¢; if and only if ¢; = f(z1,...,2k) for some
polynomial f over Fs.

Proof. Suppose {z1,..., 2} is a teaching set for ¢;. It is not hard to see that in
this case ¢; = p1 - - - pg, where py = z; if ¢;(2¢) =1 and p; = 2z; + 1 if ¢;(2¢) = 0.

To prove the other implication, consider ¢; € C' and assume that ¢; =
f(z1,...,2K) but {z1,...,2,} is not a teaching set for ¢;. Hence there is an-
other concept ¢; # ¢; from C which coincides with ¢; on {z1,...,z;}, that is,
ci(z) = ¢j(z) for all t =1,..., k. Thus the following equalities hold

fi = f(ci(zl)’ . "ci(zk)) = f(Cj(Z1), . "cj(zk)) = fj'



So, the ith and jth coordinates of the vector f(z1,...,2;) are equal. By defini-
tion, ¢; corresponds to the standard basis vector (0,...,1,...,0) which has only
one coordinate equal to 1, namely, the ith coordinate. Since we assumed that
¢ = f(z1,...,2,) and showed that f; = f;, the vector f(z1,...,2;) must have
at least two coordinates equal to 1, namely, the ith and jth coordinates. This
contradicts the assumption that ¢; = f(z1,...,2k). O

4 RTD-maximum classes
The next theorem is the main result of our paper. It provides a Sauer-type bound
on the size of a concept class with a given RTD.

Theorem 2. Let C C 2% and |X| =m. If RTD(C) = r then |C| < &,.(m).

Proof. Let P, be the collection of monomials over Fy of the form x;, ---2;,,
where 0 < k <rand 1 <i; < --- <1 <m. In case when k£ = 0 we let the
corresponding monomial be equal to the constant 1. Note that |P! | = &,.(m).

Let ¢1,c¢o,...,c, be all the concepts from C listed in the same order as
they appear in some teaching plan for C' of order r. In particular, for every
s=1,...,n, we have TD(cq, {¢s,...,cn}) <.

We will show that the vector space F7 is spanned by the vectors that corre-
spond to the monomials from P/ . The theorem then follows from a well-known
linear algebra fact that the size of a spanning set cannot be smaller than the
dimension of the vector space.

We will show by induction that each ¢; lies in the span of P,. Since TD(¢q, C)
< r, by Theorem 1, ¢; is equal to a polynomial of the form p;, - - - p;, for some
k < r, where each p; is equal to x; or x;+1. It is not hard to see that the product
Diy -+ Di,, lies in the span of P!, e.g., (z1+1)(22 +1) = z129 + 21 + 22 + 1, ete.

Now suppose that ci, ..., cs are in the span of P),. Let FS’O be the subspace of

4 consisting of the vectors whose the last n — s coordinates are zeros. Similarly,
let Fg’"ﬂ be the subspace of F5 consisting of the vectors whose the first s
coordinates are zeros. Also, let (v)s,0 and (v)g n—s be the projections of a vector
v € F§ to the subspaces Fg’o and Fg’"_s, respectively. In particular, we have
U= ('U)s,O + (U)O,n—s~

Since TD(cs41, {Cs+1,---,¢en}) < 7, applying Theorem 1 to {cs41,...,¢n}
and c¢s41 yields that (cs41)on—s = (Pi; - Piy Jon—s for some k& < r and some
i1,-+- ik, where each p; is equal to z; or x; + 1. In other words, (cs41 —
Diy **Pix)on—s = 0, which means that cs41 — p;, - -+ s, belongs to the sub-
space FS’O. As before, the product p;, - - - p;, lies in the span of P),. Moreover,

by the induction hypothesis, the vectors ci,...,cs are in the span of P;,, and
hence the subspace F;,o is contained in the span of P/ . Hence cs11 lies in the
span of P,. O

The Sauer-type bound in Theorem 2 is tight for any r and m, in particular,
it is met by all VCD-maximum classes of VC-dimension r. This suggests the
following definition.



Definition 1. Let C C 2%, |X| = m, and RTD(C) = r. C is called RTD-
mazimum if |C| = @,.(m), and C is called RTD-mazimal if RTD(C U {c}) > r
for any concept ¢ ¢ C.

RTD-maximum classes have the following properties.

Proposition 1. (i) Every VCD-mazimum class C is also RTD-mazimum with
RTD(C) = VCD(C).

(ii) There are RTD-maximum classes that are not VCD-mazimum.

(iii) There is a class C' for which both C and C are RTD-mazimum, but
neither C nor C is VCD-mazimum.

(iv) There are RTD-mazimum classes whose restrictions are not RTD-max-
imum. Furthermore, there is an RTD-maximum class C that has an RTD-
mazimum restriction C' such that RTD(C") > RTD(C).

Proof. (i) For every VCD-maximum class C', RTD(C) = VCD(C) [2]. It follows
from Theorem 2 and Definition 1 that C' is RTD-maximum.

(ii) If an RTD-maximum class C is not VCD-maximum, then RTD(C) <
VCD(C). Table 1 shows an RTD-maximum class C; with RTD(C;) = 2 and
VCD(C4) = 3.

(iii) C; in Table 1 is RTD-maximum with RTD(C;) = 2, and C; is RTD-
maximum with RTD(C;) = 1. As VCD(C};) = 3 and VCD(C}) = 2, neither Cy
nor C; is VCD-maximum.

(iv) Cz in Table 1 is RTD-maximum and RTD(C5) = 1, however, RTD(Cs —
x4) = 2 and Cy — x4 is not RTD-maximum. Furthermore, consider the RTD-
maximum class Cy in Table 1. Clearly, C; —z4 is RTD-maximum and RTD(C4) =
2 < RTD(O1 - 1‘4) =3. O

A consequence of the proof of Theorem 2 is that, for RIT'D-maximum classes, all
instance sets of size RTD(C) are used as recursive teaching sets.

c; € Ch||z1|z2|x3|Ts
c1 0(0]0]0
Ca 110(0(0
Cc3 0[1]0]0 Ci€ﬁ1x1l‘gw31‘4 ci € Collz1|x2|23|T4a
[ 0(0[1]0]|cr 110(0|1 c1 0(0]0]0
Cs 0[0|0]1||ce 111(1(0 () 110(0(0
ce 1{1]0|0||cs 11101 c3 0(1]010
c7 1{0|1]|0||ca 11011 c4 0(0[1]0
cs 0[1]1]0]]|es O[1(1]1 Cs 0Oj1]|1]1
[} 0O[1(0]|1
C10 0|{0f1]1
C11 1(1(1|1

Table 1. C; and C; are RTD-maximum but neither C; nor C; is VCD-maximum.
C5 is RTD-maximum but C2 — x4 is not.



Corollary 1. Let C C 2% be RTD-mazimum, |X| = m, and RTD(C) = r. Let
X' C X be any subset of size r. Then for any teaching plan P for C' of order r,
there is a concept ¢ € C' and a recursive teaching set S for ¢ with respect to P,
such that X (S) = X'.

Proof. Let X' = {x;,,...,x; }, and P be a teaching plan for C' of order r such
that ¢1,co, ..., c, are all concepts from C' listed in the same order as they appear
in P. Assume that X’ does not appear as a recursive teaching set in the plan
P. Then, in the proof of Theorem 2 we can always represent the concept csy1
inside the class {csy1,...,¢,} as a polynomial f(z1,...,2.) over Fy such that
{z1,.. .20} #{xiy, ..., 2 }. (This follows from Theorem 1 and the fact that X’
is not used as a recursive teaching set.) As a consequence, we can span F§ without
using the monomial z;, - - - x;,, which implies that |C| = dim(F%) < &,.(m) — 1.
Hence C' is not RTD-maximum. This is a contradiction. a

Another corollary of Theorem 2 is that for an RTD-maximum class, teaching
sets of size 1 cannot be used too early in any teaching plan.

Corollary 2. Let C C 2% be RTD-maximum, |X| = m, and RTD(C) = r.
For an arbitrary teaching plan for C, let (c1,ca,...,cn) be the sequence of all
concepts of C listed in the plan. Then for any positive integer i < @._1(m — 1),
we have TD(c;, {ciy- . ent) > 1.

Proof. Assume there is a teaching plan for C' such that TD(¢;, {¢;,...,cn}) =1
for some i < @,_1(m —1). Let (z,£) € TS(¢i,{ci,...,cn}) for some z € X and

¢ € {0,1}. Then for any ¢ € {¢it1,..-,¢n}, c(x) = L. So, |{cit1,.-.,¢cn}] =
Hcit1,- -, cn}lx\{z}]- Consequently,

IC| = ety s el + Heivts - sent =i+ {cit1, -y en ]
=i+ [{cit1,- - entlx\{e}] < i+ @p(m —1), by Theorem 2
<P_1(m—1)+&.(m—1) =D.(m).

Thus C is not RTD-maximum. This is a contradiction. O

As mentioned in Section 1, the complement of any VCD-maximum class is VCD-
maximum. RTD-maximum classes do not possess this property.

Proposition 2. There is an RTD-mazimum class whose complement is not
RTD-mazimum.

Proof. Consider the RTD-maximum class C' with RTD(C) = 3 in Table 2. C is

not RTD-maximum because RTD(C) = 2 and 6 < $5(5). O
Still, the complement of an RTD-maximum class of RTD 1 is RTD-maximum.

Proposition 3. Let C' be an RTD-mazimum class over X with |X| > 2. If
RTD(C) =1, then C is RTD-mazimum and RTD(C) = | X| — 2.



c; € Cllzy|x2|x3|ra|Ts5||ci € Cllx1|x2|23|T4|T5

c1 111|111 |1]|c1a 0/1]0]0]1

C2 11101 |1]|ci5 1{0(1(1|0

c3 1{1{0|1|0 ||cie 1{0(0(1|0 vai

o 111100001 [cr Olloocierlatgxgmws
s OlL[1[1[1]lcis JO]L|O]O[0O I 0/0[0]1}1
ce [ 1[0[T[1]1][e JO[O[T[L]0]l2 O ILIOITIT
cr 00 1]11|[czo ololo[Lo| 110011
cs 1[1]0[0]0][car |L|0O[1[0]0][ 111111010
co 1]0[1[0]1|[cz2 |L]O]O]O]O[ 1/1/110]1
o J[1]0[0]0]1][czs JOJ0O]1[0T|lcMIIT[T][1]0
ci 01111110 ||caa 0(0|1]0]0

C12 OlOlOCQ5 OOOOl

C13 0ll0l026 0(0{0|0]0

Table 2. C is RTD-maximum (recursive teaching sets are underlined), but C'is not.

Proof. By induction on |X|. For |X| = 2 the proof is trivial. Suppose that for
| X | < m the statement of the theorem is true. Now consider the case | X| =m >
2. Let ¢4 € C with TD(¢q,C) = 1, and w.lo.g., let {(z1,1)} be a teaching set
for ¢; in C. Then we can write C as a disjoint union of {c¢;} and {0} x C, where
Cy = (C\{a1}) — x1 is a maximum class of RTD(C1) =1 on X \ {z1}. So, the
complement of C' is equal to the disjoint union C' = ({0} x C7) U ({1} x Cy),
where Cy = 2XM@#1h\ {¢; — 21} is a class of size 2"~1 — 1 on X \ {z;}.

By the induction hypothesis, there is a teaching plan of order m — 3 for C.
Take such a plan and extend every recursive teaching set S from this plan to
SU{(z1,0)}. As a result, we obtain a teaching plan for {0} x C of order m — 2,
which we call P;. Note that C is a VCD-maximum class with VCD(Cy) = | X'\
{z1}|]-1 = m—2, and hence RTD(C3) = m—2. Since RTD({1} xC3) = RTD(C3),
there is a teaching plan of order m — 2 for {1} x Cs, which we call P;.

Every recursive teaching set from P; contains (z1,0), which distinguishes the
concepts in {0} x C; from those in {1} x Cy. So, P; and P, can be merged to
a teaching plan for C of order m — 2. Thus RTD(C) < m — 2. Further, |C| =
2™ — |C| = 2™ — (m + 1) = &,,,_2(m). Hence, by Theorem 2, RTD(C) = m — 2,
and C is RTD-maximum. O

The RTD-maximum class C' in the proof of Proposition 2 fulfills RTD(C) +

RTD(C) = |X|. In contrast to this, note that a class C' is VCD-maximum if and
only if VCD(C) + VCD(C) = |X| — 1. Necessity of the condition was proven
by Rubinstein et al. [6]. Sufficiency is easy to see, as was pointed out by an
anonymous reviewer of this paper: Suppose C with VCD(C) = d is not VCD-
maximum. Then |C| < ®4(|X|) and thus [C| > 21X — &4(|1X|) = &|x|_a—1(|X]),

which implies VCD(C) > |X| — d — 1. The same reasoning implies that the
condition is sufficient as well when VCD is replaced by RTD throughout.

Proposition 4. Let C C 2% and |X| = m. If RTD(C) + RTD(C) = m — 1,
then C is RTD-mazimum.



Recall that RTD*(C') = maxx/c x RTD(C|x/). We obtain the following property.

Proposition 5. Let C C 2% and |X| = m. IfRTD*(C) < r, then |C| < &,.(m).
The inverse statement is not true in general.

Proof. Since RTD*(C) < r, RTD(C) < r and by Theorem 2, |C| < &,.(m). An
example? for a class C' with |C| < @,(m) and RTD*(C) > RTD(C) = r is the
class C = {0, {z2, 23}, {x1,23}, {w1,%2,23}}, for which |C] =4, RTD(C) =1
and RTD*(C) = 2. 0

5 RTD-maximal classes

In this section we present some properties of RT'D-maximal classes. We first show
that an RTD-maximal class shatters each subset of the instance space whose size
is equal to RTD.

Proposition 6. Let C C 2% be RTD-mazimal with RTD(C) = r. Then, for
any subset X' C X with |X'| =r, C shatters X'.

Proof. Assume that X' is not shattered by C. Then |C|x/| < 21Xl and we can
add a new concept ¢pey to C such that cpew|x: ¢ Clx/. Thus, TD(chew,C U
{¢new}) < r. Since RTD(C') = r, C has a teaching plan of order r. So, CU{¢pew }
also has a teaching plan of order r, which starts with c,e, and then continues
with any teaching plan for C' of order r. Therefore, RTD(C U {¢pew}) < r and
C is not RTD-maximal. ad

As a corollary we obtain that for an RTD-maximal class, the minimal and the
recursive teaching dimensions coincide.

Corollary 3. For any RTD-mazimal class C C 2%, TD,:n(C) = RTD(C).

Proof. TDyin(C) < RTD(C) is easy to see. Assume TD,,;,(C) < RTD(C).
Then, there is a concept ¢ € C for which {x;,,...,2;, } is a teaching set, for
some k < RTD(C). Consider any subset X’ C X such that |X’| = RTD(C)
and {z;,...,z;,} C X’'. Then C does not shatter X', since otherwise there
would exist at least one more concept ¢’ € C with Cl|{$i17--<773ik} = C‘{xil,m,mk}'
This is impossible because {z;,,...,2;,} is a teaching set for ¢ in C. Hence, by
Proposition 6, C' cannot be RTD-maximal. This is a contradiction. a

It is not hard to see that VCD-maximal classes of VC-dimension 1 are VCD-
maximum. We now show that the same holds for RTD-maximal classes.

Proposition 7. Let C C 2% be RTD-mazimal. If RTD(C) = 1, then C is RTD-
maximum.

2 This example also provides a simpler proof of the second part of Proposition 1(iv).
The latter in turn implies that the inverse of Proposition 5 is not true in general.



Proof. By induction on the size of X. For |X| = 1 there is only one RTD-
maximal class with two concepts which is clearly RTD-maximum. Suppose that
the theorem holds when | X| = m. Now we consider the case that | X| = m+1 and
C is an RTD-maximal class on X with RTD(C) = 1. Since RTD(C) = 1, there is
a concept ¢ € C such that TD(¢,C') = 1. Let («,£) be a teaching set for ¢. Then,
for any ¢ € C\{c}, (x,£) ¢ ¢ or equivalently, (z,f) € ¢/, which implies that
|C\{c}| = [(C\{c}) —x|. Clearly, (C\{c}) —x is RTD-maximal, otherwise C' would
not be RTD-maximal. So, by the induction hypothesis, [(C\{c}) — z| = &1(m).
Therefore, |C| = 1(m) + 1 = P1(m + 1) and C is RTD-maximum. O

Surprisingly, not all RTD-maximal classes are RTD-maximum.

Proposition 8. (Doliwa [1]) There is an RTD-maximal class that is not RTD-
maxrimum.

Proof. Consider the RTD-maximal class C' in Table 3. Since RTD(C) = 3 and

|C| =40 < $3(6), C is not RTD-maximum. O
ci [[zi]za]zs[za]ws|as][ci [[ei[az]ws]zaas]ze][ci [[z1]xa]zs[za]as|ze][ci [[z1[ze]zs]zaxs]xs
c1 O[1[0(1[1|O0flci1])/1]O|1|1]|1|1}|lce1|[O|21]O[O|1[O0]|le31|/O|O0O]0]0|0]|O
co 0|1 (1]1][0|1|lci2]]O[O0O]|1[0|0|[O0||lcaz2||1|1|0]|1|1|0f|lecge|ll|1]0O|1]0]|1
c3 1(0[{0|0|0|Of|lcis)/ 1|1 |[1]0|0|1]lcesg||1]|]0O]O|O0O|1]|O0}lesz|/O]O]|O]1|0O|O
cq 1(0[{0| 11| 1}lcia)]O|LT|[1][0|1|O0]|coal|l]|21]0O0|21|1]|1]}[c34//O]O0O]|O]O|1]|O
cs |O]O[T[1]0[O0[cis|[T[O[ T[0T |1 |[cas||[1|L1[O0O|O|[ T |1 ]|[cas|[1|1]0[0[0]0
[ 1(0[{0|1]|1]|O0|lcie)/]O]O|[1|1|0|1]lceg||0O]21]0|0|0|O0}lc3e|/1]0]|21]0|1]|O0
cr 00 1|10 1 1 Cc17 1 1 1 1(0]0 c27 1{0{0|0|O0O 1 Cc37 0 1{0[0|0 1
cs 1{1[1[0|1|O0flcig|| 1|1 |1]0 |1 |1]lcesg||O]1][O][1[O0O|1]lesg|ll|1]|1]|]1|1]|O0
co [[O[1[2[0[0|1|lcig||O|O|1[1]|1|O0f[can||O|1|1|[1|1|O0flesg|ll|1]1]1]0]1
ciol/ 10| 1[0[0[O0|lcaof| 1|1 |1 1|1 |1|leso||1][1|0]0|1]0|lcaol/O|1]1|0O|0]|O0O

Table 3. RTD-maximal class that is not RTD-maximum.

6 Algebraic Proof of Shortest-Path-Closedness of
VCD-Maximum Classes

In this section, we give an example of how the algebraic techniques applied to
obtain our main result can also yield more elegant and insightful proofs for
already known results. Our example is the proof showing that VCD-maximum
classes are shortest-path-closed.

A shortest-path-closed class is a class C' in which any two concepts ¢, ¢’ are
Hamming-connected, i.e., there are pairwise distinct instances x1,...,x; and
c1,...,cx—1 € C such that, with ¢g = ¢ and ¢, = ¢/, the concepts ¢;_1 and ¢;
differ only in x;, for 1 < i < k. It is known that VCD-maximum classes are
shortest-path-closed [5], but algebraic methods provide an elegant alternative
proof.

For Z C X = {x1,...,xy} and t < m, let P! (Z) be the collection of
monomials over Fg of the form z;, ---x;, such that 0 <k <t¢, 1 <4 <--- <
ir <m and {x;,...,2; } C Z.



Lemma 1. Let | X|=m, C C 2%, and VCD(C) = d. A set of instances Z C X
is a teaching set for ¢ € C if and only if ¢ is in the span of P4 (Z).

Proof. Suppose Z C X is a teaching set for ¢ € C'. Then, by Theorem 1, ¢ = f
for some polynomial f over Fy whose variables are in the set Z. Each such
polynomial is equal to a linear combination of monomials from P! (Z), where
t =|Z|. For instance, (z1 + 1)(z2 + 1)z5 = 212023 + T123 + 2223 + 3, ete.

We show that, for every ¢ < m and Z C X, the monomials from P}, (Z) are
in the span of P%(Z). This in turn implies that f is in the span of P%(Z).

As in [10], we use induction on ¢: If ¢ < d, there is nothing to prove. Suppose
t > d and every monomial from P.1(Z) is in the span of P4 (Z). Consider
a monomial z;, ---x;, from P! (Z). Since t > d, the set {z;,,...,2;} is not
shattered by C. Let (a1,...,a:) be a concept that is not in C|{zi1 ,,,,,
consider a polynomial p(x;,,...,x;,) = (z;;, a1 +1) (@, +as+1) -« (x5, +ar+1).

As a vector in F‘ch, p has zero coordinates because p(c(z;, ), ..., c(z;,)) =0
for all ¢ € C as at least one of the factors of p will be zero. Hence p = 0
and x;, - - - x;, can be expressed as a linear combination of monomials of smaller
degree with coefficients from {x;,,...,x;,} C Z, that is, the ones from P! 1(Z).
To see this, consider, e.g., (1 + 1)(z2 + 1)z = 0; then we have zjz9w5 =
7173 + Tox3 + 3. By the inductive hypothesis, PL~1(Z) is in the span of P%(Z),
and hence x;, - - - z;, is in the span of P%(Z). So P (Z) is in the span of P%(Z).

The implication in the other direction follows from Theorem 1. a

Theorem 3. If C' is a VCD-mazimum class, then C' is shortest-path-closed.

Proof. In this proof, we use the symbol A to denote symmetric difference.

Let C C 2% be a VCD-maximum class with | X| = m and VCD(C) = d, and
let I(c) denote the set {x € X | there exists a ¢’ € C such that cAc = {z}}. We
first show that, for every ¢ € C, I(c) is a teaching set for ¢. By Theorem 1, the
monomials from P2 (X) span the vector space F|2C|. Since |PL(X)| = ®4(m) =
|C|, the set P4 (X) is a basis for FI!.

Let ¢ € C'and let S C X be a minimal teaching set for c in the sense that no
proper subset of S is a teaching set for ¢. Suppose I(c) # S and let « € S\ I(c).
By Lemma 1, there is a linear combination f; of monomials from PZ(S) such
that ¢ = f;. Note that X \ {z} is also a teaching set for ¢, since otherwise
x € I(c). Thus, there is a linear combination f5 of monomials from PZ (X \ {z})
with ¢ = f,. Since PZ(X) is a basis for FLC‘, we have f; = f3. As fo does not
depend on x, fi does not depend on x either. Thus f; depends only on variables
from S\ {z}. By Lemma 1, S\ {z} is a teaching set for ¢, which contradicts the
minimality of S. Therefore S = I(c), and thus I(c) is a teaching set for c.

Finally, we prove that any two concepts c¢; and co in C' are Hamming-
connected, by induction on |c1Acs|. For |¢1Ace| = 1 the proof is obvious. Sup-
pose |c1Ace| = n and any two concepts ¢, ¢ with |cAcd| < n are Hamming-
connected. Since I(c1) is a teaching set for ¢, it cannot be disjoint from c¢; Aco.
Hence there is an & € I(¢1) N (e1Ac2). Let ¢ be the concept from C such that
cnAd = {z}. Then |¢/Acg| = n — 1 and by the inductive hypothesis ¢’ and co
are Hamming-connected. Therefore, ¢; and ¢y are Hamming-connected. O



7 Conclusions

Our analog of Sauer’s bound for RTD establishes a new connection between
teaching complexity and VC-dimension. A main contribution besides obtaining
this result is the successful application of algebraic proof techniques. The charac-
terization of teaching sets obtained this way is of potential use for future studies
not only in the context of the combinatorial questions we asked in this paper.

Our results on RTD-maximum and RTD-maximal classes provide deep in-
sights into structural properties that affect the complexity of teaching a con-
cept class. As a byproduct of our studies, we proved several new results on
VCD-maximal classes. Altogether, our results might be helpful in solving the
long-standing sample compression conjecture [3] and in establishing further con-
nections between learning from a teacher and learning from randomly chosen
examples. In particular, we hope that methods from algebra will turn out to be
of further use in these contexts.
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Appendix: VCD-maximal classes

This appendix contains some new interesting properties of VCD-maximal classes.
For instance, the next theorem provides a way of constructing an infinite series
of equal-sized maximal classes starting from a given maximal class.

Theorem 4. Let C be a class of VC-dimension d on a set of m instances X =
{.1‘1, “e ,J)m}.

(1) If C is a maximal class and for some instance x € X we have |C —z| = |C],
then C + z is also mazximal, where

CH+z={ce 2XU{zmii} . o X € C and c(Tmy1) = c(z)}.

This process can be continued to obtain a series of maximal classes C' + x,
(CH+z)+z, (CH+x)+x)+z, ete.
(2) If |C —z| < |C|, then C + x is not a mazimal class.

Proof. (1) Note that VCD(C) = VCD((C+z) —«) and VCD(C) = VCD(C'+x).
These equalities follow from the fact that C is equivalent to (C' + x) — z, and
that if C' + x shatters a set .S, then S cannot contain both x and x,11.

Suppose C' is maximal and |C' — z| = |C| for some x € X. Consider any
c € 2XUemii} quch that ¢ ¢ C +x and let ¢ — 2,11 = ¢ N X. We need to show
that VCD(C'+zU{c}) > VCD(C+z). First, suppose c—z,+1 ¢ C. Then, since C
is maximal, VCD(C+zU{c}) > VCD(CU{c—zm+1}) > VCD(C) = VCD(C'+z).

Now suppose ¢ — Z;,+1 € C. In this case c(x) # c¢(zpy,y1) since otherwise
¢ € C + z. Also note that the concept ¢ —z = ¢N (X U {&m41} — x) does not
belong to (C' + x) — z. Indeed, suppose ¢ — z € (C' + ) — z and let ¢ € C be
the image of ¢ — z under the equivalence transformation from (C +z) — z to C.
We then have that C' contains two concepts, namely ¢ — 2,11 and ¢/, that differ
only on z since (¢ — Zp11)(x) = ¢(2) # (Tmy1) = (¢ — ) (Tmy1) = (). This
contradicts the assumption that |C'—z| = |C|. Therefore, c—x ¢ (C'+x)—x and
we have that VCD(C+2U{c}) > VCD((C+z)—zU{c—z}) > VCD((C+z)—x) =
VCD(C) = VCD(C' + x). Hence C + z is a maximal class.

(2) If |C — x| < |C| then there are two concepts ¢; and ¢z in C that differ
only in x. Consider a concept ¢ ¢ C + x defined as ¢ = ¢; U {(241,¢)} where
£ is chosen so that c(x) # c(zm+1). Since ¢ coincides with ¢; on X, we have
(C+ 2 U{c}) — a1 = C. Furthermore, ¢ coincides with the extension of ¢y in
C'+x on the instances from (X U{x,+1})—2. Hence (C+zU{c})—z = (C+z)—x,
which is, of course, equivalent to C.

Let VCD(C + z) = d and suppose that C' + 2 U {c} shatters a set S of size
d + 1. Note that S cannot contain both x and x,,4; since the restriction of
C'+zU{c} to these two instances can contain only one of the two concepts (0, 1)
and (1,0). If S does not contain x,,,1, then we have VCD(C + z) = VCD(C) =
VCD((C + 2 U{c}) — Tm+1) > d+ 1. On the other hand, if S does not contain
x, we have VCD(C +z) = VCD((C +z) —2) = VCD((C' + 2 U{c}) —z) > d+ 1.
These contradictions show that in fact VCD(C + 2 U {c}) = VCD(C + z), and
hence C' + z is not a maximal class. O



The following proposition by Rubinstein et al. [6] follows immediately from the
definition of VC-dimension.

Proposition 9. VCD(C) < d if and only if C contains at least one (m—d—1)-

cube for each subset of (m —d — 1) instances, i.e., 65 # 0 for every subset S of
m — d — 1 instances.

We now establish a non-trivial lower bound for the size of VCD-maximal
classes and show that this bound can be met when both VCD and |X| are large.

Theorem 5. Let C C 2% be a VCD-mazimal class over a set X with | X| = m.
IfVCD(C) = d, then

Cl>9om — 2m—d—1 m .

o (2,

Equivalently, if VCD(C) = m — d, then

> m d—1 m .
1z i)

This lower bound can be met when m > d, that is, when | X| — VCD(C) is small
compared to | X|.

Proof. We prove the second inequality. Suppose VCD(C) = m — d and |C| <
2m —24=1( ™ ). In this case, we have that |C| > 2771( ™ ). By Proposition 9, C
must contain at least one (d—1)-cube for each subset of d—1 instances. Consider a
union of (d—1)-cubes from C taking exactly one cube for each subset of instances
of size d — 1. Then the size of this union will be at most 2¢~! (dTl). Therefore,
C must contain at least one concept ¢ that does not belong to the above union
of (d — 1)-cubes. Hence, due to Proposition 9, we can add this concept ¢ to the
class C without increasing its VC-dimension, which contradicts the fact that C
is maximal.

To show that the lower bound is exact for large m, we need to construct a
disjoint union of (d — 1)-cubes which consists of exactly one cube for each choice
of d — 1 instances; then the complement of such union will be a maximal class
C with VCD(C) = m — d and |C] = 2™ — 2%71(,/™ ). To do this, let us split
the instance space X into disjoint blocks of size 2d and let {ci,...,cn} be the
concepts that are equal to unions of such blocks. Note that N = 2L7/2d] and
|c;Acj| > 2d for i # j. Now to each subset S C X of size d — 1, we assign a
concept cg from the above list such that cg # cg/ for S # S’. This can be done
since for m > d, N = 2l™/2d4] ig greater than (dTl), the number of all subsets
of size d — 1.

For each S C X of size d — 1, define a (d — 1)-cube C(S) based on cg, that
is, C(S) = 29 x {cs|x\s}. Note that for S # ', the cubes C(S) and C(S’) are
disjoint because, by construction, |cg/Acgs| > 2d. Therefore, the class C, defined

as
c=2*\ U o,
SCX: |S|=d—1

is a maximal class of VC-dimension m — d and size 2™ — 2¢-1 ( d’fl). a



As a corollary we obtain that for a maximal class C with VCD(C) = | X|—0O(1),

the sum VCD(C) + VCD(C) is bounded by | X |+ O(log, | X]).

Theorem 6. Let |X|=m. If C C 2% is a mazimal class and VCD(C) = m—d,
then

VCD(C)+VCD(C) <m — 1+ (d—1)log,m.
Proof. Since C' is maximal, we have, by Theorem 5, that |C] > 2™ —2471( ™).
Therefore, |C| < 2¢71(,,) and hence VCD(C) < log, [C| < d — 1 +1log, (™)
Taking into account that (™)) < m?™!, we obtain VCD(C) < d—1+ (d —
1) log, m. Since VCD(C') = m — d, it follows that VCD(C') + VCD(C) < m —
1+ (d—1)logy m. O

Another property of VCD-maximal classes is that they are indecomposable
in the sense that they cannot be formed by a direct product of non-trivial smaller
classes.

Theorem 7. Let Cy C 2X0 and C; C 2%t be nonempty concept classes with

(a) VCD(Cy) > 0 or VCD(Cy) > 0 and
(b) Co x Cy # 2X0UX1,

Then Cy x Cq is not a mazximal class.

We will need to prove the following lemma first.

Lemma 2. Let Cy C 2%0 and C; C 2% be nonempty concept classes and let
co € 2%X0 and ¢; € 2% be any two concepts with the property that for each
1 € {0,1}, ZfVCD(Cl) = 0 then VCD(C&,Z @] {01,7;}) = VCD(CH,Z) Then
VCD((CO X Cl) @] {C()Cl}) = VCD(C() X Cl) = VCD(C{)) + VCD(Cl)

Proof. Let d; = VCD(C;), for i € {0,1}, and suppose that (Cy x Cy) U {coer}
shatters a set S C XoUX; of size dg+di +1. Let S; = SNX,; and assume w.l.o.g.
that |S()| = dp+1 and |Sl‘ = dy. Therefore, VCD(C()U{C()}) =dop+1 > VCD(C@),
and by the assumption we have that d; > 0. So, on the one hand, we have that
(Co x C1)U{coer } must contain at least 291 > 1 concepts that extend cg|g,. But,
on the other hand, (Cy x C1) U {cpc1} contains only one such concept, namely
cocy, since ¢pls, ¢ Cols,- This contradiction proves the lemma. O

Proof (of Theorem 7). If VCD(Cy) > 0 and VCD(C}) > 0, then by Lemma 2
for any concept ¢ ¢ Cy x Cy (which exists by our assumption), we have that
VCD((Cy x C1) U {c}) = VCD(Cy x C1). Hence Cy x C} is not maximal.
Consider the case VCD(Cy) = 0 and VCD(C7) > 0 (the other case is similar).
Let co ¢ Cp and ¢; € 2% be such that VCD(Cy U {c;}) = VCD(C}) (e.g., any
¢1 € (). By Lemma 2, we have that VCD((Cy x C1)U{cpc1}) = VCD(Cq x C).
Since coc1 ¢ Co x C1, this proves that the class Cy x Cy is not maximal. a



