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Abstract Many algorithms have been proposed for leaming a causal network from data.
It has been shown, however, that learning all the conditional independencies in
a probability distribution is a NP-hard problem. In this chapter, we present an
alternative method for learning a causal network from data. Our approach is
novel in that it learns functional dependencies in the sample distribution rather
than probabilistic independencies. Our method is based on the fact that func-
tional dependency logically implies probabilistic conditional independency. The
effectiveness of the proposed approach is explicitly demonstrated using fifteen
real-world datasets.
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1. Introduction

Causal networks (CNs) (Pearl, 1988) have been successfully established
as a framework for uncertainty reasoning. A CN is a directed acyclic graph
(DAG) together with a corresponding set of conditional probability distribu-
tions (CPDs). Each node in the DAG represents a variable of interest, while
an edge can be interpreted as direct casval influence. CNs facilitate knowl-
edge acquisition as the conditional independencies (Cls) (Wong et al., 2000)
encoded in the DAG indicate that the product of the CPDs is a joint probability
distribution,

Numerous algorithms have been proposed for learning a CN from data
(Neapolitan, 2003). Developing a method for learning a CN from data is tanta-
mount to obtaining an effective graphical representation of the CIs holding in
the data. It has been shown, however, that discovering all the Cls in a probabil-
ity distribution is a NP-hard problem (Bouckaert, 1994). In addition, choosing
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an initial DAG is important for reducing the search space, as many learn;
algorithms use greedy search techniques.

In this chapter, we present a method, called FD2CN, for learning a CN frg
data using functional dependencies (FDs) (Maier, 1983). We have recently d
veloped a method for learing FDs from data (Yao et al., 2002). Learning FDg .

from data is useful, since it has been shown that FD logically implies CI (Bigg; - - p
et al., 1999). We show how to combine the obtained FDs with the chain rule of "<~ E
probability to construct a DAG of a CN. Given a set of FDs obtained fromdata; -~ i
an ordering of variables is obtained such that the Markov boundaries of some. I
variables are determined. Representing joint probability distribution of vari -]
ables in the resulting ordering by the chain rule, the Markov boundaries of th t

other variables are determined. A DAG of a CN is constructed by designating
each Markov boundary of variable as the parent set of the variable. During this
process, we take full advantage of known results in both CNs (Pearl, 1988) and
relational databases (Maier, 1983). We demonstrate the effectiveness of our ap-
proach using fifteen real-world datasets. The DAG constructed in our approach
can also be used as an initial DAG for previous approaches. The work here fui-
ther illustrates the intrinsic relationship between CNs and relational databases
(Wong et al., 2000; Wong and Butz, 2001).

* The remainder of this chapter is organized as follows. Background knowl-
edge is given in Section 2. In Section 3, the theoretical foundation of our
approach is provided. The algorithm to construct a CN is developed in Section
4. In Section 5, the experimental results are presented. Conclusions are drawn
in Section 6.

2, Background Knowledge

Let U be afinite set of discrete variables, each with a finite domain. Let V be
the Cartesian product of the variable domains. A joint probability distribution
(Pearl, 1988) p(U) is a function p on V such that 0 < p(v) < 1 for each
configuration v € V and Y, .y, p(v) = 1.0. The marginal distribution p(X)
for X C U is defined as ) ,;_x p(U). If p(X) > O, then the conditional
probability distribution p(Y |X) for X,Y C U is defined as p(XY)/p(X).
In this chapter, we may write a; for the singleton set {a;}, and we use the
terms attribute and variable interchangeably. Similarly, for the terms tuple and
configuration.

DEFINITION 44.1 A causal network (CN) is a directed acyclic graph (DAG)
D together with a conditional probability distribution (CPD) p(a;|P;) for each
variable a; in D, whiere P, denotes the parent set of a; in D.

The DAG D graphically encodes Cls regarding the variables in U.
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DEFINITION 44.2 (Wong et al., 2000). Let X, Y, and Z be three disjoint sets
of variables. X is said to be conditionally independent of Y given Z, denoted
1(X,2,Y),if p(X|Y, Z) = p(X|2).

As previously mentioned, the Cls encoded in the DAG D indicate that the
product of the given CPDs is a joint probability distribution p(U).

ExAMPLE 44.3 One CN on the set U = {a1, a3, a3, a4, as, ag} is the DAG
in Figure 44.1(i) together with the CPDs p(a3 ), p(az|a1), p(as|a1), p(aslaz2),
p(as|as), and p(aglaq,as). This DAG encodes, in particular, I(as3,ai,az),
I(a4, a2, a1a3), I{as, a3, ajaza4) and I(ag, aqas, ajazaz). By the chain rule,
the joint probability distribution p(U') can be expressed as:

p(U) = pla1)p(az|a1)p(aslai, az)p(aslar, az, as)p(as|a, az, a3, a4)
p(agla1,az,a3,a4,a5).

The above Cls can be used to rewrite p(U) as:

p(U) = p(a1)p(az|a1)p(as|a1)p(aslaz)plas|as)p(as|as, as)-

The term CN is somewhat misleading because it may be possible to reverse
a directed edge without disturbing the encoded CI information. For example,
the two CNs in Figure 44.1 encode the same independency information. Thus,
itis perhaps better to view a CN as encoding independency information rather
than causal relationships.

Using CI information encoded in the DAG, the Markov boundary of a vari-
able can be defined.

DEFINITION 44.4 LetU = {ay,...,ay}, and O be an ordering (aj, . - .,an)
of variables of U. Let U; = {ay,...,a;—1} be a subset of U with respect to
the ordering O. A Markov boundary of a variable a; over U;, denoted B;, is
any subset X of U; such that p(U;) satisfies I(a;, X,U; ~ X —a;) and a; € X,
but p(U;) does not satisfy I(a;, X',U; — X' — a;) forany X' C X.

EXAMPLE 44.5 Recall the DAG in Figure 44.1(i). Let the ordering O be
(a1,02,a3,a4,0a5,06). Then Uy = {}, Uz = {a1}, Us = {a1,a2}, Us =
{a1,02,a3}, Us = {a1,a2,a3,a4}, and Us = {a1, az,as,a4,as}. The Mark-
ov boundary of variable a3 over Us is B3 = {a1}, since p(Us) satisfies I (a3,
a1, az), but does not satisfy I(as, ¢, a1az).

'The Markov boundary B; of a variable a; over U; encodes CI I(a;, B;, U; —

B; — a;) over p(U5;). Using the Markov boundary of each variable, a boundary
DAG is defined as follows.

DEFINITION 44.6 Let p(U) be a joint probability distribution over U/, O be
an ordering (a1,...,a,) of variables of U, and U; = {aj,...,a;—1} be a
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@) (i)
Figure 44.1. Two causal networks.

subset of U with respect to the ordering O. {Bj, ..., B,} is an ordered set of
subsets of U such that each B; is a Markov boundary of a; over the U;.. The
DAG created by designating each B; as a parent set of variable a; is called a
boundary DAG of p(U) relative to O.

The next theorem (Pearl, 1988) indicates that the boundary DAG of p(U)
relative to an ordering O is a DAG of CN of p(U).

THEOREM 44.7 Let p(U) be a joint probability distribution and © be an or-
dering of variables of U. If D is a boundary DAG of p(U) relative to O, then
Dis a DAG of CN of p(U).

It is important to realize that we can construct a DAG of a CN after the Markov
boundary of each variable has been obtained according to Definition 44.6 and
Theorem 44.7,

EXAMPLE 44.8 LetU = {ay,...,a6} and O = (a2, a1, a3, a4, as, ag) be an
ordering of the variables of U. With respect to the ordering O, Uy = {az2}
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Uz = {}, Us = {a1,0a2}, Us = {a1,a2,a3}, Us = {a1,a3,0a3,a4}, and
Us = {a1,a2,a3,a4,as}. Supposing we assign B; = {as}, B2 = {}, Bs =
{a]_}, By = {az}, Bs; = -{03} and Bg = {a4,a5}, then the DAG shown in
Figure 44.1 (ii) is the learned DAG of CN of p(U).

3. Theoretical Foundation

In this section, several theorems relevant to our approach are provided. We
define arelation r(U) as a finite set of tuples over U. We begin with functional
dependency (Maier, 1983).

DEFINITION 44.9 Let r(U) be a relation over U and X, Y C U. The func-
tional dependency (FD) X — Y is satisfied by (U if every two tuples ¢; and
tp of 7(U) that agree on X also agree on Y.

If a relation r(U) satisfies the FD X — Y, but not X' — Y for every
X’ € X, then X — Y is called left-reduced (Maier, 1983).

The next theorem shows that FD logically implies CI.

THEOREM 44.10 (Butz er al., 1999). Let r(U) be a relation over U. Let
p(U) be a joint distribution over r(U). Let X, Y C U and Z = U — XY. Hav-
ingFD X — Y satisfied by r(U) is a sufficient condition for the C1I(Y, X, Z)
to be satisfied by p(U).

By exploiting the implication relationship between functional dependency
and conditional independency, we can relate a left-reduced FD X — a; to the
Markov boundary of variable a;.

THEOREM 44.11 Let U = {a,,...,an}, U; be a subset of U, and X C U;.

IfFD X — a; is left-reduced, then X is the Markov boundary of variable a;
over U,.

Proof: Since X — aq; is a FD and X C Uj, according to Definition 44.9,
X — a; holds over U; U {a;}. Since FD X — q; is left-reduced, by Theo-
rem 44.10, p(U;) satisfies I(a;, X, U;— X —a;) but not I{a;, X', U; — X' —a;)
forany X’ Cc X.

Theorem 44.11 indicates that the Markov boundary of variable a; over U;
can be learned from a left-reduced FD X — aq;, if X is a subset of U;. We

define those variables that can be learned from a set of left-reduced FDs as
follows.

DEFINITION 44.12 Let U = {a1,...,an}, X C U, a; ¢ X, and F be a
set _Of left-reduced FDs over U. If exists X — a; € F, then a; is a decided
variable. Otherwise, a; is an undecided variable.
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Considering a variable as decided indicates that its Markov boundary can be
learned from FDs implied in data.

4, Learning a DAG of CN by FDs

In this section, we use learned FDs to construct a CN. We illustrate our
algorithm using the heart disease dataset, which contains 13 attributes and 230
rows, from the UCI Machine Learning Repository (Blake and Merz, 1998).

EXAMPLE 44.13 The heart disease dataset has U = {ay,...,a13}. Using
FD_Mine, the discovered set of left-reduced FDs is F = {aias — a3, aja5 —
ag, ai1as — aii, aias —* a3, 4188 — a7, @444509 — a2, €4145Q10 — a4,
a1a2a5 — G, 0185019 — Gg, 15310 — @12}.

As indicated by Theorem 44.7, a DAG of a CN is constructed when the
Markov boundary of each variable relative to an ordering O is obtained. We
obtain the Markov boundary of each variable in two steps. First, in Section
4.1, we show how to obtain an ordering O such that the Markov boundary of
each decided variable with respect to O can be obtained from the given FDs,
Second, we determine the Markov boundary of each undecided variable by the
chain rule in Section 4.2.

4.1 Learning an Ordering of Variables from FDs

Given a set F' of left-reduced FDs, the algorithm in Figure 44.2 will deter-
mine an ordering O of the variables of U such that the Markov boundary of
each decided variable with respect to O can be obtained from £'.

We use the FDs in Example 44.13 to demonstrate how Algorithm 1 works.

EXAMPLE 44.14 First, the FD aja5 — a3 is selected in line 2 by Algo-
rithm 1. In line 3, since a3 is not in Y for any Y — a; (a; # a3) in F,
variable a3 is removed for U in line 4, thus U = {a1,a2,aq4,...,a13}. We
obtain O = {a3) in line 5. In line 6, FD ajas — a3 is removed from F'. Be-
cause F' is not empty, Algorithm 1 continues performing lines 2 — 8. At this
time, the FD ajas — ag is selected in line 2. Variable ag is removed from
U in line 4, U = {a;,a2,0a4,0s,ar,...,a;3}. We obtain O = (ag,as3) in
line 5. By recursively performing lines 2 to 8 until 7' is empty, we obtain an
ordering O = {a12, ag, a4, a2, ag, a7, a13,811, ag,03) and U = {a1, a5, a10}-
In line 9, we prepend U to the head of @. Thus, for the variables in U, O
= (a'ly as, @10, 12, ay, a4, @2, as, 47, 413, 11, 4, (13)-

The next theorem guarantees that the Markov boundary of each decided
variable is determined by © as obtained by Algorithm 1.

THEOREM 44.15 Let U = {a1,...,a,}, O = {(a1,...,as) be an ordering
obtained by the Algorithm 1, and U; = {ay,...,ai-1} be a subset of U with
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Algorithm 1.
Input: U = {as, ..., an}, and aset F of left-reduced FDs.
Output: an ordered list O of the variables of U.
Begin
0= ().
foreach X — a; € F
ifai ¢ Y forallY -y € F (y # ai)
U=U-{a}.
prepend a; to the head of O.
F=F~{Y > a|Y —a;€ F}.
end if
end for
prepend U to the head of O.
10. retum(Q)
End

VRN AR BN

Figure 44.2.  An algorithm to obtain an ordering O of the variables of U.

respect to O. Let B; be the Markov boundary of a; over U;. If a; is a decided
variable, then B; C U;.

Proof: Since a; is a decided variable, then there exists a FD X — a;. When
Algorithm 1 performs lines 2-8, then a; is always deleted from U before any
variable of X according to lines 3-5 of Algorithm 1. Thus, for any a; € X, a;
is always before a; in O, so we have X C U;. Since B; = X, according to
Theorem 44.11, then B; C U;.

4.2 Learning the Markov Boundaries of Undecided
Variables

Once an ordering © = (ay,...,a,) of variables of U is obtained by Al-

gorithm 1, the joint probablhty d1str1but10n p(U ) can be expressed using the
chain rule as follows.

p(U) = p(a1)...p(ajla1,...,aj-1)...p(anlay,. .., an_1). (44.1)

If a; is an undecided variable, then there is no FD X — a; € F. According
to Algorithm 1, a; is not deleted from U and is prepended to the head of O at
the line 9 of Algorithm 1. This indicates that all undecided variables appear
before all decided variables in O.

Suppose ay, .. .,a; are all the undecided variables, and Bj41,..., By are
the Markov boundaries of all the decided variables. By Definition 44.4, CI
I(a;, B;,U; — B; — a;) holds for each variable a;, j + 1 < ¢ < n. Thus, each
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p(a;la, ..., ai—1) = p(a;| B;). Equation 61.1 can be rewritten as:
p(U) =p(a1)...p(ajla, - - .,aj—1)P(aj+1|Bj+1) - . .p(an|Brn). (442

By assigning By = {a1,...,ak—1} as the Markov boundary of each unde-
cided variable ax, 1 < k < j, Equation 61.2 can be expressed as:

p(U) = pla1|By)...p(a;|B;)...plan|Bs) = [ plailBs). 44.3)
a;€U

Equation 61.5 indicated that a joint probability distribution p(U’) can be rep-
resented by the Markov boundary of all variables of U. Thus, a boundary DAG
relative to D can be constructed. Based on the above analysis, we developed
the algorithm shown in Figure 44.3, called FD2CN, which learns a DAG D of
aCN from a dataset r(U).

Algorithm 2. FD2CN
Input: A dataset r(U) over variable set U.
Output: A DAG D(U, E) of a CN learned from r(U).
Begin
1. F=FDMine(r(U)). //return a set of left-reduced FDs
2. Obtaining an ordering O using Algorithm 1.
. Ui={}.
while O is not empty
a;= pophead(O).
if there exists aFD X — a; € F then
Bi=X
¢lse
B; =U;.
10. U;=U;u {a.-}.
11. end while
12. Constructing a DAG D(U, E) such that {(b, a;) € E|b € B;, a:,b €U},
End -

PN AW

Figure 44.3. The algorithm, FD2CN, to learn a DAG of a CN from data.

In line 6 of Algorithm FD2BN, we determined whether or not a variable is
decided. If so, in the line 7, we obtain its Markov boundary. If not, in line 9, we
obtain its Markov boundary. In the line 12, a DAG of a CN is constructed by
making each B; as the parent set of a; of U. In other words, if b; € B;, then we
add a edge b — @; in DAG D. According to Definition 44.6 and Theorem 44.7,
we know the constructed DAG D is a DAG of a CN.

EXAMPLE 44.16 Applying Algorithm FD2CN on the heart disease dataset,
Fin line 1 is obtained as in Example 44.13. © in line 2 is obtained as in Exam-
ple 44.14. According to obtained O, we obtain B; = {}, Bs = {a1}, Bio =
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{a1,05}, Biz = {a1,as5,a10}, Bs = {e1,as,a10}, Bs = {a1,as,a10},
By = {a4,a5,a9}, Bs = {ay,0s,a2}, By = {a1,a8}, Biz = {a1,a5},
By; = {a1,a5}, Bs = {a1,as5}, and B3 = {a,, a5 }. By making each B; as the
parent set of a; of U, a D is constructed. For example, since By = {ay4, as, a9},
then D have edges a4 — as, a5 — a3, and ag — as. the DAG of a CN learned
from the heart disease dataset in Figure 44.5 is depicted in Figure 44.4.

Figure 44.4. The learned DAG of a CN from the heart disease dataset.

5. Experimental Results

Experiments were carried out on fifteen real-world datasets obtained from
the UCI Machine Learning Repositories (Blake and Merz, 1998). The results
are shown in Figure 44.5. The last column gives the elapsed time to construct
a CN, measured on a 1GHz Pentium Il PC with 256 MB RAM. The results
show that the processing time is mainly determined by the number of attributes.

- Since it also indicates that many FDs hold in some datasets, our proposed
approach is a feasible way to learn a CN.

6. Conclusion

In this chapter, we presented a novel method for learning a CN. Although a
CN encodes probabilistic conditional independencies, our method is based on
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J Dataset #of | # of | #of Time
Name attributes| rows | FDs | (seconds)
Abalone 8| 4,177 1
Breast-cancer 100 191 3 0
Bridge 13 108 6 _
Cancer-Wisconsin 100 699 19 1
Chess 7|28,056 1 3
Crx 16| 690/ 1,099 10
chocardiogram 13| 132] 583 0
Glass 10| 142] 119 0
Heart disease 13| 270 10
Hepatitis 20 155 8,250 1,327
Imports-85 26| 205 4,176 8,322
Iris 5| 150 0
Led 8 50 11 0
Nursery 9112960 1 16
Pendigits 17| 7,494(29,934 920

Figure 44.5. Experimental results using fifteen real-world datasets.

learning FDs (Yao et al., 2002). Since functional dependency logically implies
conditional independency (Butz ef al., 1999), we described how to construct a
CN from data dependencies. We implemented our approach and encouraging
experimental results have been obtained.

Since functional dependency is a special case of conditional mdependency,
we acknowledge that our approach may not utilize all the independency infor-
mation encoded in the sample data. However, previous methods also suffer
from this disadvantage as learning all CIs from sample data is a NP-hard prob-
lem (Bouckaert, 1994).
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